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I apply the algebraic classification of self-adjoint endomorphisms of R 2,2 provided by their Jordan canonical 
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1. Introduction 



Algebraic classifications of Weyl and Ricci curvature in the context of general relativity are well known. 
The algebraic classification of the Weyl curvature tensor was provided by Petrov, see e.g., Petrov (1969), and 
of the Weyl curvature spinor by Penrose, see e.g., Penrose & Rindler (1986). Analogues of these classifications 
for neutral signature in four dimensions were presented in Law (1991) and (2006), respectively. Dcrdzinski 
(2000), §39, has also given a refinement of Petrov's classification, which he calls Petrov-Segre classes, based 
also on the eigenvalues and eigenvectors of the Weyl curvature endomorphisms. In the Lorentzian case, it 
coincides with the Penrose classification; in the neutral case it is of course very similar to, but does not 
exactly coincide with, the classification given in Law (2006) (Derdzinski's classification recognizes the Law 
2006 types: {31}III; {lTlljlb; {22}Ia; {22}Ia; lumps {211}II and {lT2}II into a single class; lumps {lllljla 
and {lllljla into a single class; and divides {4}II into two classes). The algebraic classification of the Ricci 
tensor in general relativity goes back at least to Churchill (1932); sec Kramer et al. (1980), Ch. 5, for a 
modern treatment. Penrose provided an algebraic classification of the Ricci curvature spinor and related it 
to the classification of the Ricci curvature tensor, see, e.g., Penrose & Rindler (1986). As for Weyl curvature, 
the classification of Ricci curvature for neutral signature is sufficiently different from the Lorentz-signature 
case that an explicit account is useful in the study of four-dimensional neutral geometry. The primary 
purpose of this paper is to provide that account. 

By R M , I denote W +q equipped with the scalar product s Ptq that makes the standard basis {ei, . . . , e„} 
pseudo-orthonormal (^-ON) of signature (p,q). A vector v is called: time/space-like if s Ptq (v,v) is posi- 
tive/negative; a unit vector if s Ptq (v,v) = ±1; and null if s p ^ q (v, v) = 0. By R 2 ^, I denote R 2 ™ equipped 
with the scalar product Shb such that Shbfe, e n+i ) = 1, i = 1, . . . , n, are the only nontrivial scalar products 
amongst the elements of the standard basis. This space is called hyperbolic space in Porteous (1981) but 
ultra-hyperbolic space by some other authors; I shall follow Porteous. Rj^ is isomorphic to R n,n . Any basis 
{Ei, . . . , E 2n } of R"'™ for which s n , n (Ei, E n+i ) = 1, i = 1, . . . , n, are the only nontrivial scalar products is 
called a Witt basis and models R™'™ as R 2 ^- The group of orthogonal automorphisms of R p ' 9 is denoted by 
0(p,q) and of Rj^ by 0(2n;hb). Of course, 0(2n;hb) = 0(n, n); the matrix representation of 0(n,n) 
with respect to a Witt basis is of the same form as the matrix representation of 0(2n;hb) with respect to the 
standard basis. In particular, if an endomorphism S of R™'™ has block matrix representation S_= (^g^j, 

A, B, C, and D e R(n), with respect to a basis, then the adjoint *S has matrix representation with respect 
to the same basis: 

*s=(J c (1.1) 



when the basis is \P-ON; and 



when the basis is Witt. 

The identity-connected components of 0(p,q) and 0(2n;hb) are denoted, respectively, by SO+(p,q) 
and SO+(2n; hb). Let Kj be the orthogonal automorphism that leaves the standard basis unchanged except 
that Cj i Y —6j (i.e., hyperplane reflexion in (ej)j^). I will also denote SO+(p,q) by 0+(p,q) and define 
Ol(p,q) := SO(p,q) \ SO+(p,q), 0+(p,q) := K„SO+(p,q) and 0+(p,q) := X 1 SO+(p,q), so that 

the four connected components of 0(p,q) are 0^(p,q), Ol(p, q), Oj"(p, q) and Olj.(p,q). There are 
various well known characterizations of the connected components of 0(p,q). I simply record here the 
following useful facts. By the Cartan-Dieudonne Theorem, each L <G 0(p, q) can be expressed as a product 
of hyperplane reflexions: L = K Ul o • • • o K Um , for unit vectors m, . . . ,u m , where K Uj is the hyperplane 
reflexion in (uj)j^. Define t(L) := ±1 according as there are an even/odd number of time-like unit vectors in 
the decomposition; define <j{L) := ±1 according as there are an even/odd number of space-like unit vectors 
in the decomposition. It can be shown that (r(L),cr(L)) is independent of the particular decomposition of 

L into a product of hyperplane reflexions. Now let ^ e tne ma trix representation of L with respect to 
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some given *-ON basis, A £ R(p), C £ R(p, q), B £ R(q,p) and D £ R(q). Let 



dct(A) dct(P) 
■= [det(A)j S(i) := |deW ( } 

Then it can also be shown that (t(L), s(L)} is independent of the choice of vf-ON basis, that 

(r(L),a(L)) = (t(L),s(L)) (1.4) 

and 

0+(p, q) = { L G 0(p, q) : (t(L), = (1,1)} 

0+(p, q) = {i£ 0(p, q) : (t(L), = (1, -1) } 

0+(p, q) = {i£ 0(p, q) : ((t(L), = (-1, 1) } 

OZ(p, q)={Le 0(p, q) : (i(L), s(L)) = (-1, -1) }. 

I employ the abstract index notation of Penrose & Rindler (1984); in particular, italic indices denote 
abstract indices, while upright bold indices are concrete, i.e., take numerical values; see §2. Henceforward, I 
shall refer to Penrose & Rindler (1984) as PRI and Penrose & Rindler (1986) as PRII. Common notations 
and terms from PRI & II will also be employed, often without further explanation. My conventions, detailed 
in Law & Matsushita (2008), Appendix One, follow those of PRI with one exception: I take the Ricci tensor 
to be the negative of PRI's definition and modify PRI (4.6.20-23) by replacing their Ricci tensor by its 
negative, thus leaving the definitions of &aba'B' and A unchanged. 

R 2,2 is the space of primary interest in this paper. In §2, I establish further notation for certain elemen- 
tary notions, thereby illustrating the abstract index notation. In §3 I review spinor theory for neutral signa- 
ture. §4 contains the classification of self-adjoint endomorphisms of R 2,2 by means of the Jordan canonical 
form; §5 contains the algebraic classification of the spinor translates of traceless self-adjoint endomorphisms, 
and §6 relates these classifications. 



2. Abstract Indices; Linear Algebra 

Let V be a right K-linear space, K = R or C, of finite dimension; though K is commutative I employ 
notation appropriate for modules over non-commutative (division) rings, e.g., the quaternions H. For endo- 
morphisms T of V, write T(v\) = T(v)X. With respect to a basis {v\, . . . , v n } of V, the matrix representation 
of T is defined by 

j 

The dual space V, has a natural left K-linear structure: (A. 4>)(v) — \<f>(v). For L £ End(V»), write 
L(fj,.<f>) — fJ,L((j)). For a basis {cfi 1 , . . . , </>"} of V,, write the matrix representation of L £ End(K) as 

L{4>) =: LV 4> =: ^ i y Mj^V. (2.2) 

j 

There is a unique mapping 

$ : V ®k V. -> End(y) satisfying ® <t>){w) = v<j>(w); (2.3a) 

it is injective, and surjective in finite dimensions. If {v\, . . . , v n } and {(f) 1 , . . . , <p n } are dual bases, then under 

T >i ® ft T - ( 2 - 3b ) 



3 



The mapping 

(v,<f>)^<t>(v), (2.4) 

induces a unique K-bilincar mapping 

C:V(g>V.^K. satisfying v <g> <f> ^ <f>(v), (2.5) 

under which 

T o J2 T >i ® ^ ^ T 1 ! = tr(T). (2.6) 

ij i 

As the identification $ permits one to view an endomorphism T of V as an element of V <8> V., using 
abstract indices write T a 6 so that T(w) = T a bV b . For an element L € End(V # ), write L fc a so that L(</>) = 
(pbL b a - The abstract index notation assumes a notion of totai reHexivity, which entails in particular that 
the canonical inclusion of V into its double dual is an isomorphism, see PRI; total reflexivity is automatic 
in finite dimensions. 

The linear dual of T e End(V) is defined by 

T.($:=0oT MT.) b a := <p b T b a . (2.7) 

Thus, abstractly, T, and T may be viewed as the same object with two actions, consistent with the identifi- 
cations End(V.) = V, ® V.. =V,®V = V®V, = End(V). As regards the matrix representation, 

T j k - cP( Vi T\) = (^oT)K) = (T.(^))K) = ((T.)V)(Vk) = (T.) j k, (2.8) 

but note that the indices play different roles in (2.1) and (2.2) so that in effect the matrix for the dual of L 
is the transpose of the matrix of L as usual. 

Consider a K-linear, nondegenerate, correlation £ : V — > K, i.e., an injective element of HomK(V, V,). 
Define; 

5 : V x V -> K g(u, v) := (£(«)) (v). (2.9) 

This definition is made so that g is automatically K-linear in its second argument when the assumption that 
£ is K-linear is relaxed (e.g., to C-linearity) , this choice being preferable for right linear spaces; g is bilinear 
and represents £ as an element of V, ®V,. 

Now £ is right-to-left linear: £(v\) = \£(v). One therefore writes the matrix representation as 

Z( Vi ) =: v =: J2 vj» ^ (2.10) 

j 

Hence, abstractly, write u i->- gb a u b = w b £fc a . The matrix representation of g is 

9ii := givuvi) - (€(«!))(«]) = tek0 k )(«j) = £ij- (2-11) 

Abstractly, £ and 3 are just different aspects of the same object; note that no symmetry property of g has 
been assumed. The inverse correlation : V, — >• V defines the bilinear form G : V, x V, — > K 

G^^-Wir 1 ^). (2-12) 

and thus corresponds to an element of V ® V. This definition is made so that G is automatically K- 
lincar in its first argument in accord with the fact that V, is left linear. Abstractly, is represented by 
tpb !->• G ab ipb = (£,~ 1 ) ab ipb, so the fact that is the inverse of £ can be expressed as 

G ac g bc = 5 a b = g cb G ca ; or 1 ° £ = 1 (r^^jk - <5j and £ o 1 = 1 ^ k^" 1 ) 4 - (2-13) 
where £ _1 is left-to-right K-linear. I write the matrix representation as 

r V) = «i(r 1 ) u E ^ ^(rYv (2.w) 

j 
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The matrix representation of G is 

& : = G{4> 1 ,4>) = ^(r 1 ^)) = ^Wr 1 )*) - (r 1 ) 9 - (2.15) 

Note that with these conventions, 

g{^) = (^(r 1 ^)) = ((^°r 1 )W)(r 1 w) =5(r 1 w,r 1 w). (2.16) 

Hence, using abstract indices, one writes G ah as 

Now let W be another (finite-dimensional) K-linear space; then the linear dual T. e HomK(W.,Vi) 
of T G Hom K (V r , VK) is defined as for endomorphisms. When r\ : W — > W, is a K-linear, nondegenerate 
correlation, the linear dual T. can be recast as the adjoint *T e Hom K (VK, V) of T: 

T := £ _1 o T. o ?7, (2.17) 

and T is the unique element of Hom(VF, V) satisfying 

g(*T(w),v) =h(w,T(v)), (2.18) 

for all v £ V and w £ W, where h is the bilinear form associated to r\. If {w\, . . . , w m } is a basis for W with 
dual basis {V>\ • • • , ip m } 7 the matrix representation "T of T is given by: 

(*t)K) = (r 1 ° r. o ^)(«, q ) = (r 1 o r.)(ry qp ^) = r 1 (w rP k^ k ) - ^(r 1 )^^. (2.19) 

If S := (6j) and i? := (?? q p), then by (2.13), 

*T = T S~ 1 . T T. T R, (2.20) 
from which (1.1-2) can be obtained. Abstractly, 

T = r 1 ° o v o g ad T c d h bc = h bc T c d g ad =: (T) a fc . (2.21a) 
When /i is symmetric/skew, (2.21a) gives 

i.e., the adjoint is ±T with its indices raised and lowered. The two cases that provide the background for 
this paper are (V, £) = R 2 ' 2 and (V,£) = R 2 p , the symplectic plane, the latter being the two-component 
spinor space for R 2 ' 2 . 

The action of End(V^) on V, that preserves the natural pairing between V and V» is expressed abstractly 

by 

T a b G End(V) i y T(T) := T" 1 , acting as (f> b h> (j>b(T~ 1 ) b a . (2.22) 

When restricting the action to the group of correlated automorphisms of a K-bilinear symmetric or skew 
scalar product, the correlation intertwines between the action on V and the induced action on V,; in other 
words, the two actions of orthogonal automorphisms commute with raising and lowering of indices, e.g., for 
a correlated automorphism T, of a symmetric/skew scalar product, acting on P b a £ V ® V,: 

g f b[T a c Tf d P cd ] = ±T\P c d T b d = T a c P c d *T d b = T a c P%(T- 1 ) d h , (2.23) 

by (2.21b). 

For any automorphism T of V and frame {v\, . . . ,v n }, wj := T(vj) = ViT l j, i.e., the image of the 
frame {v\, . . . ,v n } under T is the image under the natural right action of the matrix representation of T 
with respect to {v\, . . . ,v n }. Let 0(p,q) denote the group of standard matrix representations of 0(p,q), 
i.e., the matrix representations with respect to any \l/-ON basis. Let G be a subgroup of 0(p,q) and let 
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G be its subgroup in 0(2,2) of standard matrix representations. G defines an equivalence relation on the 
collection T of iP-ON frames: two W-ON frames are G-related iff one is the image of the other under the 
natural right action of 0(p,q) restricted to G. The equivalence classes of this G- relation on T correspond 
to the left cosets of G in 0(p, q). Each equivalence class of the G-relation is the image of the standard 
basis by a left coset of G in 0(p,q). If G is a normal subgroup of 0(p, q), and its cosets are disconnected 
from each other in the natural topology, the G-relation is called G- orientation and the equivalence classes 
G-orientation classes. Normality of G ensures that: G has matrix representations in G with respect to any 
^P-ON basis; G-orientation classes are the images of any fixed ^-ON basis by left cosets of G, not just of 
the standard basis; two *-ON bases have the same G-orientation iff one is the image of the other by an 
element of G. The topological condition ensures that, by regarding T as homeomorphic with 0(p,q), the G- 
orientation classes are disconnected from each other, whence G-orientation cannot change along a continuous 
path in J ' . One has the following notions of orientation: SO(p,q) defines the usual notion of orientation; 
0+(p, q) := 0^(p, q) II Oj~(p, q) provides a notion of time-orientation; 0-)-(p, q) := 0^(p, q) II CTj_(p, q) 
provides a notion of space-orientation; and SO+(p, q) provides a notion, with four orientation classes, that 
I shall refer to as SO+-orientation 



3. Spinor Theory 

I turn now to an account of spinors for R 2,2 . Beginning with complex Clifford algebra C„ for the 
complexification of R n '°, C 2 fc = C(2 fc ) as algebras, with the even part of the algebra C 2fe = C 2 fc-i = 

( C<2 o ^ c(2°-!))' which entails that Spin(2k;C) acts reducibly on C 2fc_1 ®C 2fc_1 . Writing these summands 
as S and S' , then C 2/ t = Endc(5 © S'). Moreover C 2fc itself has a copy lying in the odd part of C 2 fc: 
(Hom(s,S') HOm o S ' S) )' Now ' the e q uation dim c (Hom(5', S)) = 2 2fe ~ 2 = 2k = dim c (C 2fc ) has the unique 
integral solution k = 2, i.e., only for k = 2 does one obtain C 2fc = Hom(<S',<S) thereby permitting an 
identification of V — C 4 with S S' t . This observation is the basis of the particular utility of spinors in 
dimension four. 

For the following discussion of real Clifford algebras, see Porteous (1981, 1995), but note that the scalar 
product space I denote by R p ' 9 , Porteous denotes R q ' p . Let R p , g denote the Clifford algebra of Il p,q ; the 
copy of R p ' 9 within R p , g will be denoted by X. For a G R Pj9 : a a denotes the involution of Rp.^, called 
the main involution, uniquely defined by the fact that its restriction to X is — lx, a n- a~ denotes the 
anti-involution of R p . 9 , called (Clifford) conjugation, uniquely defined by the fact that its restriction to X is 
also — lx- An element a e tL p , q for which a = ±a is called even/odd; the even elements form a subalgebra, 
denoted Rp 9 , and the odd elements a linear subspace. The Clifford group T Ptq consists of those g € R p . 9 
which are invertible and such that gxg" 1 G X for all x G X; in which case x i— > gxg~ l is an orthogonal 
automorphism of X. Let R+ be the multiplicative group of positive real numbers; it has a canonical copy 
in R p ,«j, and one defines 

Pin(p,q):=^ Spin(p, q) := 3^, (3.1) 

where r° is the (normal) subgroup of even elements of P p>g . One can prove, however, 

Pin(p, q) — { .9 G T p . q : gg~ - ±1 } Spin(p, q) Si { g G : gg~ = ±1 }, (3.2) 

whence Pin(p, q) and Spin(p, q) are typically identified with these subgroups of T p . q and this identification 
will be understood hereafter. The vector representation is the surjective homomorphism 

T : Pin(p,q) -> 0(p,q) T(g) = gxg~\ (3.3) 

with kernel Z 2 . For any g G Pin(p, q), as T(g) G 0(p,q), by the Cartan-Dieudonne Theorem there exist 
unit vectors m,...,Uk G R p,<? such that T(g) is the product of the hyperplane reflexions K Ui defined by the 
m, i = 1, . . . , k. Let m also denote the copy of Ui in X; then T(u{) = K Ui , whence T(g) = T(ui . . .Uk), 
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i.e., g = (±iti) • • • Uk- It follows that every element of Spin(p,q) can be expressed as a product of an 
even number of unit vectors in X and that every element of Pin(p, q) \ Spin(p, q) =: ASpin(p, q) can be 
expressed as a product of an odd number of unit vectors in X and is consequently odd. 
Of particular value in low dimensions is the result 

Spin(p, q) = { g G R° i9 : gg~ - ±1 }, (3.4) 

valid when dim(X) < 5 (Porteous 1981, (13.58); Porteous 1995, (16.15)). This result is easily extended to 
Pin(A) as follows. 



3.5 Lemma 

When dim(X) < 5, 

Pin(p, q) = { g G R M : gg~ = ±1 }. 

Proof. By (3.2), Pin(p,q) < {g G R p , 9 : gg~ = ±1}- Let g G R Pi9 satisfy gg~ = ±1. If g is 
even, then it belongs to Spin(p,q) by (3.4) and thus to Pin(p,q). So, assume g is odd. Choose a unit 
element e G X, e 2 = =pl (signs paired with gg~ = ±1), so e _1 = =pe. Then h = eg is even and hhr = 1, 
whence h G Spin(p,q). Therefore, hxh^ 1 G X, for all x G X. Now y := hxhr 1 — e{gxg~ 1 )e~ 1 , so 
gxg^ 1 = e~ 1 ye = eye -1 . But y h- > eye -1 is reflexion in the hyperplane orthogonal to e, whence eyeT 1 G X , 
for all i/el. Hence, gxg^ 1 G X, for all x, and thus g G Pin(p,q).« 



Another useful result is that R p+ i 9 = Rp,q- Each R p , 9 can be realized as the real algebra of endo- 
morphisms of a right A-linear space V, A the real algebra R, C, H, 2 R or 2 H, and Clifford conjugation is 
realized as the adjoint with respect to a certain sesquilincar scalar product on V. In particular, R2.2 — R(4) 
and the relevant sesquilincar form is a real, skew form. 

I now present a model of R2,2- Putting 

*=-(_»,;) m „,= (-;;). M 

if, M and TV anti-commute with each other and KMN = — 12. Hence, with 

»")•'"» 

the anti-commute with each other, and satisfy -1 4 = (£?i) 2 = (-E2) 2 = -(E3) 2 = -(E4) 2 and 

A := EiEtEkEi = ) . (3.8) 

Thus, {Ei,E 2 ,E 3 ,E4} generate R(4) as an algebra and serve as a *-ON basis for a copy X of R 2,2 within 
R(4) ~ R 2 2 . Explicitly, 



where for any matrix in R(2) 



a c\ ( d 



b d I \ —b a 



-c 



(3.10) 



which is the adjoint of an endomorphism of the symplectic plane R 2 p for matrix representations with respect 
to symplectic bases. By inspection, one confirms that, with a, /?, 7 and S G R(2), the main involution and 
Clifford conjugation for this R(4) model of R2,2 are, respectively, 



a 7 ( ct —7 \ / a 7 \ _ / *a */3 

P 8) - 5 U 5 " K *6 



(3.11) 
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from which the even and odd elements are easily recognized. The element A commutes precisely with the 
even elements and anti-commutes with precisely the odd elements. From (3.4) and (3.11), one easily deduces 
that 

Spin+(2, 2) :={ge R°, 2 : gg~ = 1 } £* j ( £ ° 2 ) : a, 6 G Sp(2; R) = SL(2; R) | 

= SL(2;R) x SL(2;R). (3.12) 

Let P = R 4 and regard R 2 ,2 — R(4) as EndR,(P); P is called the pinor space. The element A decomposes 
P into its two eigenspaces, called spinor spaces, each of which is isomorphic to R 2 . Write P = S ® 5" or, with 
abstract indices, P Q = S A © S A , in which case write an element of the Clifford algebra as 7 Q ( g <E End(P). 
In light of (3.12), one regards S A and S A as copies of R 2 p , not just R 2 . The symplectic forms on S A and 
S A are denoted cab and ca'B 1 respectively. 

More generally, let Gi, i = 1, . . . , 4, be elements of Kom(S A , S A ), so that with 

■*<-(-%, $)■ "» -Wi). <" 3 > 

for i 7^ j and where * is the adjoint for endomorphisms of R 2 p . Assume 

Gi*Gj G End_(S A ) *G;Gj G End_(5 A '), (3.14) 

i.e., that each is skew adjoint, so that 71 anti-commutes with 7j (i 7^ j). Further, suppose 

r * r _(leEnd(S A ), i = 1, 2; , _ / 1 G End(S A '), i = 1, 2; ,„ 1 

GiGi -l-leEnd(n i = 3,4; G;Gi " \ -1 g End(S^), i = 3, 4 (3 ' 15) 

and 

Gi*G 2 G 3 *G 4 = 1 G End(S" 4 ) *GiG 2 *G 3 G 4 = -1 G End(S" 4 '). (3.16) 

Observe that, by (2.21b), -*G A b = Gb a , so one can write 

and the conditions (3.14-15) can be succinctly summarized as 

(G(i) A | S1 (G j) )c S '--5ijls and (G (l )\ B] A ' (G^c = -flyV, (3.18) 

where </y are the components of the scalar product on V a = R 2,2 with respect to a 'I'-ON basis. Equivalently, 
one can write 

7(i7j) = -9iiU- (3.19) 
Any such collection of endomorphisms Gi, . . . , G4 generates R 2 ,2 as an algebra so that 

71727374 = °t 2 )= A - ( 3 - 2 °) 

Different choices of the Gi provide different copies of R 2 ' 2 in R(4), i.e., different models of R 2j2 as R(4) but 
for which the main involution and Clifford conjugation take the same form as in (3.11) and the decomposition 
P Q = S A S A induced by A is respected. Any model of R 2j2 as R(4) which satisfies (3.11) represents X 
as the elements of R(4) of the form 



For such models, the vector representation of Spin(2,2) is: for g = ^ e R2.2! 

-*Z (f 2 ) rl= (-XaZS- 1 ) )• (3 - 22) 

Noting Z e Hom(S A ,S A ), Z B B > >-> o^b^b' (<5 1 ) B A' suffices to describe the vector representation of 
Spin(2, 2). Using the symplectic form on S A , one can rewrite this expression as: 

Z BB ' ^ a A B Z B B ,(5- 1 ) B ' A ' 
= -a A B Z BB '(S- 1 ) B , A ' 
= a A B Z Bfl '(rY' B ' using (2.21b) 
= a A B Z BB (±S A B i ) according as <7<7 _ = ±1, 

= ±a A B S A ' B ,Z BB ' sign according as gg~ = ±1. (3.23) 

Analogous to (3.12), write: 

Spin-(2,2):-{ g eR0 2 :.g. 9 - = -l}=|^ o a 2 : a, 5 e ASp(2; r) = ASL(2; R) J 

Si ASL(2; R) x ASL(2; R), (3.24) 

where ASp(2;R) is the set of anti-symplectic automorphisms of R 2 p and ASL(2;R) is the subset of 
GL(2;R) whose elements have determinant —1. For the choice (3.6-7), from (3.9), 

( Z BB'\f u + x y~v\ (3 25) 

For g e ASpin(2, 2), g is odd, hence of the form ^ with 7*7 = ±1 = f3*/3. Denote the subset for which 

gg~ = 1 by ASpin+(2, 2), and the subset for which gg~ = —1 by ASpin~(2, 2). The vector representation 
is 

o 2 z\.-i_/ o 2 1 *zp- 1 



-*z i), ) •'' - \-*( 7 *zi3- 1 ) 0, 

and thus may be represented by 

z^'^^^czf'sirY* 

= 1 A B -{-Z B B '){p- 1 ) BA ' using (2.21b) 

~A / /3— 1^ A' ry BB ' 

= 7 B'(P )b ^ 

= j A B ,(±*f3) B A ' Z BB ' according as gg~ = ±1 

= ± 1 A B ,(-(3) A ' B Z BB ' using (2.21b) 

= Tl A B ,fi A ' B Z BB ' sign according as gg~ = ±1. (3.27) 

Of particular interest is (3.27) when g is a unit vector u e X, whence by (3.21) g takes the form (^_% q^)' 

with *Z U = ±Z~ X according as <7<7~ = ±1, i.e., according as g 2 = =Fl (since g~ = —g), i.e., according as u is 
time/space like. So, (3.27) becomes 

Z BB ' 1 ^ t(^) A b'[-(^) A 'b]^ BS ' - ±(^) A b'[±(0 A 'b]Z bb ' = (Z^MO^**', (3.28) 

independently of whether = ±1, i.e., of whether u is time/space like. For example, with u = E\, E 2 , £3 
and E4, respectively, one obtains, as expected, the hyperplane reflexions 

u + x y — v\ f —u + x y — v \ / u + x y — v\ ^ ( u + x y + v 



y + v u — x I \ y + v —(u + x)l \y + v u — x J \y — v u — x 

(3.29) 

u + x y — v \ f u — x y — v\ I u + x y — v\ ( u + x —(y + v)^ 

y + v u — x J \y + v u + x J \y + v u — x I \v — y u — x 
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respectively. 

One easily computes that an even product of unit vectors a, H ^ _°, 2 Z ^ ^ in X takes the form, 

f ±(Z 1 *Z 2 )...(Z 2k _ 1 *Z 2k ) 2 \ 

Ul --- U2fe " I 2 ±(*Z 1 Z 2 )...(*Z 2k _ 1 Z 2k ))> ^ 

with sign according as k is even/odd. Now u\ . . . u 2k € Spin+(2, 2) iff there is an even number of space-like 
unit vectors amongst the Ui (equivalently, an even number of unit time-like vectors). Substituting into (3.23), 
the vector representation of g := u\ . . . u 2k is, with the sign according as gg~ — ±1, 

±a A B 5 A ' B ,Z BB ' = ±[(Z 1 *Z 2 ) . . . {Z 2k _fZ 2k )\ A B \(:Z X Z 2 ) . . . (*Z 2k ^Z 2k ] A ' B ,Z BB ' 

= [(Z^ 1 ) . . . {Z 2k . x Z^)\ A B [{Z^Z 2 ) . . . {Z^_ x Z 2k )\ A ' B ,Z BB ' (3.31) 

where one uses *Zi = ±Zf once for each i = 1, ... ,2k, the sign according as Ui is time/space like, so the 
cumulative negative signs from the space-like vectors exactly equals the sign at the front of the expression 
in the first line and so cancels it. Since every element g of Spin(2,2) is a product of an even number of 
unit vectors, (3.31) gives a form of the vector representation of Spin(2,2) that is independent of whether 
gg~ = ±1. Of course that form can be obtained directly as 2k applications of (3.28). For an element 
g = u\. . . u 2k+ \ e ASpin(2, 2), one need only compose (3.31) with (3.28) (effectively 2k + 1 applications of 

(3.27)) to obtain, with g •H- (^°p q 2 ^ , the vector representation in a form independent of whether gg — ±1: 

TJ A b>/3 A B Z BB = [(ZiZ^ 1 ) ■ ■ ■ (Z 2k -iZ~ 1 )Z 2k+ i] A B ,[(Zi 1 Z 2 ) . . . (Z 2 ' k 1 _ 1 Z 2k )Z^ 1 +1 ] A B Z BB . (3.32) 

To obtain an analogue of the spinor formalism of PRI, one must choose an explicit identification of V a = R 2,2 
with S A (8) S A . In PRI, such a choice is avoided in so far as they regard space-time vectors as certain kinds 
of space-time spinors, i.e., on physical grounds, spinors are regarded as primitive and space-time vectors 
as derived objects, not an independent kind of object, the space of which happens to be isomorphic to 
a tensor product of spinor spaces by virtue of the geometry. Such considerations are irrelevant to the 
mathematical proceedings here. V a and S A S A are independent spaces, which happen to be isomorphic. 
PRI's interpretation permits them, in the abstract index notation, to regard abstract indices a and AA' 
as just different forms of the same index, so that they may write equations such as l a = o A o A . Such an 
equation will not be technically correct here; but I will adopt a convention that permits one to write it, with 
an implicit meaning understood. 

Choose spin frames {o A , l a } for S A and {o A , i A } for S A , i.e., bases satisfying l a oa — 1 and i A oa* = 1, 
and define the following elements of Hom(S A , S A ): 



{G\) A A' 



(G 2 ) A 



(Gr vl 
(G 



3) A' 

\A 
A) A' 



o a oa> + i A iA' ■ o A ' i y —l a & : l a ' o A , a symplectomorphism 

l a oa> — o a la> ■ o A M> o A & : l a n- l a , a symplectomorphism 

o a oa' — i< A i<A' ■ o A i-> i A & : l a i-> o A , an anti-symplectomorphism 

i a oa> + o a ia> : o A i ^ o A & : i A n- l a , an anti-symplectomorphism 



(3.33) 



Now G\,...,Gi satisfy (3.14-16); in particular, with respect to the chosen spin frames, they have matrix 
representations K, 1 2 , M and N respectively. Now define 

<j- A A' := ^=(Gi) A A ', i = l,...,4. (3.34) 
v2 

Let {(j) 1 , . . . , (f) 4 } denote the dual basis of the standard basis {ei, . . . , e±} of R 4 and define 

a a A A' := 4>. A A> G Hom(,S A ' , S A <E) V a ), (3.35) 

where, as usual, the Einstein summation convention is assumed for a pair of like indices, one contravariant, 
one covariant (here the numerical index i). Indices are raised/lowered on a a A A', of course, using the relevant 
metric (g ab , e AB , or e A ' B >)- 
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3.36 Lemma 

AA' 

G\ (TjAA 1 = <7ij, 

where = g^efe 1 ? = s 2 ,2(ei, ej). 

Proof. From the first equation in (3.18), one deduces 

(G,) AB '(Gj)c B ' + (Gj) AB '(G,)c B< = 2 5ij l s , 

whence 

2(G i ) AB '(G j )^ = 2 ffu tr(l s ) = 4 5ij , 
and the assertion follows from the definition (3.34) .■ 

Now define the isomorphism 

V a -> S* A ® S" 4 ' w a V a cr/ A ' =: v AA \ (3.37) 

observing that w a = v 1 e? i->- i/eP^CTj" 4 " 4 = v 1 a- 1 AA . With respect to the chosen spin frames, one computes 
that 

AA' 1 f 1 0\ AA' 1 f0 -l\ AA' 1 A \ AA' 1 /0 l\ 

(3.38) 

whence the isomorphism takes the form, with respect to the chosen spin frames and standard basis of V a : 

(u,v,x,y) m. 4= ( U + X V ~ V ), (3.39) 

consistent with (3.25). Note that 

& a AA' := 9 ah °bAA> = g ah 4>WAA> = e?5 ik (T k AA' =: eW AA' , (3.40) 
whence the induced isomorphism on V a , preserving the natural pairing between V a and V a , can be written 

^ a eV a ^^ a cr a AA ,; (3.41) 

in particular, 

4 = efcfj a ^ (eta a AA ')(4<j b AA ,) = a- AA 'o* AA , = 5{ 

by (3.36). The significance of the factor y/2 incorporated into the identification of V a with S A ® S A ' is that, 
by (3.36), 

<y a AA> <y b BB ' e AB e A , B , = t&fai**' <t JA a' = Parian = g ab - (3.42) 

Without the y/2 factor, one would have a factor of 2 in the right-hand side. In PRI, the expression e A B^A'B' 
is taken to define the metric g a b- 

Note that for a a AA , there is no identification of the index a with the index pair AA' , and no contraction 
across them implied, contra PRI (3.1.4). In order to identify indices a and AA' , one must regard the 
isomorphism (3.37) as (non canonically) identifying V a with S A ® S A ; then, instead of writing v a v AA 
or g a b ^ab^A'B', I will adopt the convention that one writes v a = v AA and g a b = £ab£a'B>, with the 
object a a AA that effects the identification implicitly understood. With this convention in place, one can 
then treat the indices a and AA' as (effectively) different forms of the same label as in PRI (though for a 
different reason). Because of this convention, when explicitly employing the sigma's, one must write them 
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as <J a AA but the convention does not apply to their indices. In PRI, the sigma objects take a concrete form 
and an abstract form. First, the expressions in (3.38) are 

_ AA' _ AA' A^ A' l„a„ AA'\ r A^ A' /o ao\ 

&i = cn £A £A> = (e; cr a )£A tA> , (3.43) 

which is the analogue of the first equation in PRI (3.1.37), i.e., <ii AA are the Infcld-van der Waerden symbols 
for the chosen spin frames and \£-ON basis. Second, in PRI, each cjj a is in fact a spinorial object. Here, one 
can derive the equations 



OAOA' + >>AtA' , 2 _ I'AOA' - OAtA> ,3 _ OaOA' - I At' A 1 ,4 _ LAO A 1 + OA^A 1 



V2 V2 V2 V2 



(3.44) 



recalling that here the equality signs stand for the identification (3.37), but in PRI (3.44) are effectively 
definitions of the <p\. Upon substituting these expressions into (3.35) one finds 

<J a B b> = £A B eA>B', (3.45) 

for which compare PRII (B.86). 

Of course, any \l/-ON basis of V a could be employed in place of the standard basis to define an identi- 
fication of V a with S A ® S A . I take (3.37) to be understood hereafter; the choice of spin frames underlying 
(3.37) is completely arbitrary, the spin frames chosen will be referred to as the distinguished spin frames and 
hereafter denoted by {d A ,l A } and {d A ,l A }. 

When working exclusively with the identification between V a and S A ®S A , it is convenient to rewrite the 
vector representation (3.23) and (3.27) as follows: for a A B € End(S), S A ' B , <= End (5'), 1 A b> € Hom(5", 5), 
and (3 A B € Hom(S*, S"), the vector representations of Spin(2,2) and ASpin(2,2) are 

v BB ' i — ^ a A B 5 A ' Bl v BB ' v BB ' i — ^ f3 A ' Bl A B ,v BB ', (3.46) 

respectively. When a A B and S A B i are each symplectic automorphisms (equivalently, each belongs to 
SL(2;R)), one has the vector representation of Spin+(2,2) as SO+(2,2) and the element represented 

is ± ^ °g^j; when each is an anti-symplectic automorphism (equivalently, each belongs to ASL(2;R)), one 
has the vector representation of Spin~(2,2) as Ol(2, 2) and the element represented is ± ^ ° 2 5 ^. When 
(3 A b an d 7 A B' are each symplectic isomorphisms, one has the vector representation of ASpin+(2,2) as 
CTj_(2,2) and the element represented is ± ^ when each is an anti-symplectic isomorphism, one has 

the vector representation of ASpin~(2, 2) as 0+(2, 2) and the element represented is ± ^ . The iden- 
tification of the components of 0(2,2) in the last sentence will be justified below; otherwise all that has 
been done here is to absorb the minus sign in (3.23) and (3.27) into the element represented so as to gain 
more uniform expressions for the representation of 0(2,2) in terms of spinors. 

Note that while a homomorphism does not in general possess a determinant, the determinant of a 
homomorphism T between symplectic spaces of the same dimension does: one defines the determinant 
det(T) to be the determinant of any matrix representation of T with respect to symplectic bases. It is easily 
seen that the determinant is indeed well defined. In the present context, it follows that for T € Hom(S", S), 
say, 

e AB T A c >T B D , = det(T)e C 'D', (3.47) 

with an analogous equation if T e Hom(S', S'). In particular, (3 A b and -f A B> are characterized as (anti- 
symplectic isomorphisms iff their determinant is (— )1. 

From (3.37), it follows that v a is null iff v AA v BB (.ab^A'B 1 — 0; this condition is equivalent to v AA 
being a decomposable element of S A ® S A . Thus, given any pair of spin frames {o A , i A } and {o A ,i A }, one 
can define a basis of null vectors for V a : 

£ a := o A o A ' m a := l a o a ' n a := l a l a ' m a := o a l a \ (3.48) 



12 



which is called a null tetrad; note that {£ a , m a , n a , — m a } is a Witt basis, but by null tetrad I will mean 
a basis of null vectors of the particular form specified in (3.48) and so ordered. Each null tetrad defines a 
*-ON frame {U a ,V a , X a ,Y a } according to 

L ra ._ t a + n a ya m a - m a xa _ l a - n" ya _ m a + m» g 
\/2 \/2 \/2 \/2 

Given that Spin+(2,2) = SL(2;R) x SL(2;R) two-one covers SO+(2,2), it will follow that the *-ON 
frames constructed by means of (3.48-49) constitute an SO+-orientation class. It is easily confirmed that 
from the distinguished spin frames (3.48-49) constructs the standard basis (e.g., £ a := a a AA ib A b A = 
e^ AA ,d A d A ' = e?^ 1 - 5 j3 )/V2 = (e? + efj/y/2; similarly, m := a a AA d A d A ' = (e§ + e%)/\/2, h a := 
a a A ,l A l A ' = (ef - 4)^2, m a := a a ^6 a t A ' = (-e§ + eJ)/>/2). 

Now, *-ON bases {J7 a , V™, X a , F a } correspond one-to-one with Witt bases {Ei, E 2 , E 3 , E 4 } according 

to 



Ei -—rr E2 -~jr~ E "-^r~ Ei -~jr~ 

ua _ E? + E§ ya E« + El xa Ef - El ya El E% 



(3.50) 



Write Ef — a A n A . Since E\ and E 2 are distinct, orthogonal, null vectors, either E 2 — (3 a tt a with 
(3 A a A 7^ or E% — a. A r\ A ' with i] A 'n A f ^ 0. 

Consider the first case. By scaling a A and f3 A by a suitable A £ R + and tt a by A -1 , one can suppose 
/3 A a A = ±1. Writing E% = v A ( A \ ( D 'n D , ^ whence E% _L ES entails v D /3 D = 0. So, one can write 
.Eg = f3 A £, A , where £ A ir A i ^ 0, whence g a bEfE^ = 1 implies ^ A 7Ta' = ±1 (with signs corresponding to 
the earlier sign choice). Writing E\ = j a k a , g^E^E^ = 1 and g a \ > E%E\ — imply ~f A a A — 0, whence 
gabE%E\ = entails k, d '£d> = 0. So, E% = \a A '^ A ' , for some A e R*. But g ab E%E% = 1 implies A = -1, in 
which case 

Ej^aV 4 ' _Z?2 = ji A *R A ' E$=/3 A £ A ' Et = -a A t A '. (3.51a) 

When 7r^ £4/ = 1 = /3 A a Al {a A , j3 A } and {ir A \ £ A J are spin frames and {E\,E 2 ,E 3 , —E4} is a null tetrad; 
when ir A £ A r = — 1 = f3 A a A , {f3 A , a' 4 } and , ir A } are spin frames and {E 3 , —E4, Ei,E 2 } is a null tetrad. 
Of course the transformation which maps a A H> (3 A and fi A h-> ch' 4 is an element of ASL(2;R). 
In the second case, a similar argument shows that the Witt basis takes the form 

E? = a A w A ' E 2 = a A ^ A ' E% = p A £ A ' E% = -p A v A \ (3.51b) 

either for spin frames {a A ,(3 A } and {tt a ,£ a } or spin frames {(3 A ,a A } and {£ A ,tt a }, in which cases 
{Ei, —£4, E 3 , E 2 } and {E 3 , E 2 , E\, —£4} are null tetrads respectively. 

In all cases it is easy to check that the Witt basis determines the corresponding pair of spin frames 
uniquely up to an overall sign. 

These four possibilities have the following expected interpretation. Starting with the standard basis, 
the associated spin frames are the distinguished pair (and their negatives). Any other spin frame {o A , l a } 
of S can be obtained as the image of {d A ,l A } by a (unique) a € Sp(S') = SL(2;R); similarly, any spin 
frame {o A , l a } of S' is the image of {d A , l A } by a (unique) S e Sp(S') = SL(2; R) (equivalently, if a is 
the matrix representation of a with respect to {d A , l A }, then {o A , i A } is the image under the natural right 
action of SL(2;R) by a of {d A ,l A } 7 viz., eu A = ot(e-B A ) = eA A Q. A B, with an analogous statement for S 
and the primed spin frames). By (3.12) and (3.46), the action of the pair a and 8 on the distinguished spin 
frames corresponds via the vector representation of Spin+(2,2) to the action of an element of SO+(2,2) 
on the standard basis, e.g., 

f l a + h« 6 A 6 A ' +t A t A ' a A B 8 A ' B ,[d B d B ' +l B l B '] A A , fjBB' A ,A> p BB< 
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and one has the correspondence: for arbitrary spin frames {o A ,i A } and {o A ,l a }, 

±({o a ,l a },{o a ',l a '}) null tetrads {t ,m a ,n a ,m a } 

o ^-ON frames in the SO+-orientation class of the standard basis, (3.52) 

as determined by (3.48-49). 

Now consider the anti-symplectic automorphisms induced by: 

o A ^a A :=l A l A ^(3 A :=d A o A ' ^ ir A ' := l A ' l A ' ^ £ A ' := o A ' ', (3.53) 

which induces 



l a i y Ef := a A TT A ' =h a m ^ E% := [3 A n A ' = ™ a 



h a h-> E§ := I3 A £, A ' = i a m a ^ -E% := a A £ A ' = m, 
i.e., {E3, — E4, Ei, E2} is a null tetrad, as in the second possibility in (3.51a), and 

e a _> V a ._ *<1 +^3 = e a & a ya ._ ^2+±A = _ g « 

1 V2 1 2 V2 2 

pa pa pa pa 

p a ._. X a ._ ^1 _ a a ._. ya ._ ^2 _ ^4 _ a 

e 3 a .— — e 3 4 •— ^ — e 4 , 



(3.54) 



(3.55) 



which is, as expected, an Ol(2, 2) transformation. Composing the anti-symplcctomorphisms (3.53) each with 
symplectomorphisms (of S and S' respectively) is then equivalent to composing the Ol(2, 2) transformation 
(3.55) with SO+(2,2) transformations. Thus, one obtains the following correspondence: for arbitrary spin 
frames {o A , l a } and {o A , i A }, 

±({l a ,o a },{l a 'o a '}) o Witt bases of the form = i a l a ',E% = o A i A ' ' ,E% = o A o A ' ,E% = -u A o A '} 
o *-ON bases in the SO + -orientation class that is the image 

of the standard basis under Ol(2, 2). (3.56) 

Now consider the symplectic isomorphisms induced by 

aA , , „A' . ~A' -A , , <-A' . ~A' ~A' , , n A . -A ~A' , , a A r A r7\ 

OH-7T := o t i — V c, .= I o h- > a := o i i— > p :— i . (3.57) 

These isomorphisms induce 



£ a h-> Ef := a A TT A ' = i a m ^ E$ := a A £ A ' = fa 
h a H- El := j3 A Z A ' =h a m a ^ -El := (3 A ir A ' = 

whence 



p a _ jra ._ E l + E 3 _ p a a _ ya ._ E 2 + E i _ a 

.— -j= — e 1 &2 * • ^= — e 2 

3 ' ^ — e 3 4 ' ^ _ 4 ' 



(3.58) 



(3.59) 



an Olj_(2, 2) transformation. Composing the symplectic isomorphisms (3.57) each with symplectomorphisms 
(of S and S' respectively) is then equivalent to composing the CTj_(2, 2) transformation (3.59) with SO+(2, 2) 
transformations. Hence, one obtains the following correspondence: for arbitrary spin frames {o A ,i A } and 

KV}, 

±({o a ',l a '}, {o A , l a }) o Witt bases of the form {E? = o A o A ',E% = o a l a ',E% = l a l a ' ,E% = -l a o a '} 
o vp-ON bases in the SO + -orientation class that is the image 

of the standard basis under CTj_(2, 2), (3.60) 
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compare (3.51b). 

Finally, consider the anti-symplectic isomorphisms induced by 

o A ^ n A ' := l A ' l A ^ £ A ' := b A ' 6 A ' ^ a A := l A l A ' h> (3 a := 6 A . (3.61) 



These isomorphisms induce 



J 3 

whence 



( a i y Ef := a A TT A ' =h a m h-> := a A £ A ' = m 
h a i y E§ := j3 A £ A ' = l a m a ^ -E% := (3 A ir A ' = m 



p a ,, jra ._ Ef + E% _ _ E% + E% _ 



771a jt^ a r^a rpa 



(3.62) 



(3.63) 



an Oi~(2,2) transformation. Composing the anti-symplectic isomorphisms (3.61) each with symplectomor- 
phisms (of S and S' respectively) is then equivalent to composing the Oj"(2, 2) transformation (3.63) with 
SO+(2,2) transformations. Hence, one obtains the following correspondence: for arbitrary spin frames 
{o A , l a } and {o A ' ,l a '}, 

±{{i A ' ,o A '},{i A ,o A }) <-> Witt bases of the form = i a l a ',E% = l A o a ',E$ = o A o A ' ' ,E% = -o a l a '} 
o "f-ON bases in the SO+-orientation class that is the image 

of the standard basis under 0+(2, 2), (3.64) 

compare (3.51b) again. In (3.52-64), Witt bases and VP-ON bases are related by (3.50). These results justify 
the identification of the vector representation with the action of the components of 0(2,2) asserted following 
(3.46). 

Corresponding to PRI (3.3.31), define the four-form 

e a bcd ■= ^AC^BDf-A'D'f-B'C - ^AD^BC^A'C'^B'D 1 > (3.65) 

and put e abcd := g ai g bg g ch g dl ef ghi . Then, one computes 

e ab c d e abcd = 24, (3.66) 

and for *-ON bases {U a ,V a , X a ,Y a } and their associated Witt bases {E 1 ,E 2 ,E 3 ,E i } 

Tm/b Y c V d - papiwrf / e abcd £ a n b m c m d = 1, for (3.52) and (3.56); (o * 7 \ 

e abcd U V X Y = e abcd E x E 2 E z E, = j = _^ for (3 6Q) and (3 64) . (3-67) 

i.e., e a bcd is the volume form for the orientation determined by the standard basis. If {g* : a = 1, . . . , 4 } is 
the dual basis of {U a , V a , X a ,Y a }, then 

e abcd = ±24g{ a g 2 b g 3 c gj ] = ±24U [a V b X c Y d] e abcd = ±24U^V b X c Y d ^ , (3.68) 

with signs according to the orientation class of {U a ,V a , X a , Y a }. 

PRI §3.6 show how to derive the vector representation from the fact of the isomorphism (3.37) together 
with (3.42). I will recapitulate this derivation for the more general case of the group NO(2) of transforma- 
tions of V a = R 2,2 that are either orthogonal or anti-orthogonal. Note that 0(2,2) is a subgroup of NO(2) 
of index two, see Law (1992). In particular, if F 2 is the anti-orthogonal automorphism of R 2 ' 2 which inter- 
changes ei with e 3 and e 2 with e^, then NO(2) = 0(2, 2) II F 2 0(2, 2) (F 2 is the standard paraHcrmitian 
structure on R 2 ' 2 ). 
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Each L a b e NO(2) maps a null vector to a null vector. Thus, for all spinors k a £ S A and £ A E S A , 

L aa ' bb ,k b £, a ' =r A V A \ (3.69) 
for some spinors t a and rj A . Exactly as in PRI, p. 169, one concludes that 

L a b takes the form 6 A B ^ A ' B or 4> A B fj, A ' ' b> ■ (3.70) 

Now 

g ab = ±g cd L c a L d b . (3.71) 
Upon substituting the forms (3.70) into (3.71), transvecting by g ab , and recalling (3.47), one obtains 

1 = { ± {\z A ' B 'zc D c A ,e° B ) (\e A *e c , DI XC' A X°' B ) = ( ±dct{0 c A , } det{x C a) 
\±(^ AB e CD 4> C A<t> D B) (^ A ' B '^d^ C 'a^ D 'b) l±det(^)det(^'^) ' 

If, for example, det(# C A') = p, then det(A c a) = ±P _1 , whence dividing Q c a> by \/\p\ while multiplying 
X c a by the same factor, one can arrange that 9° a' and X c a are each of determinant ±1, and similarly for 
4> c A and fi c A', assume this is done. 



3.72 Proposition 

Let T £ End(R 2 ' 2 ) have spinor description a A B S A B > or fi A b1 A b', where a, S, /?, and 7 each have deter- 
minant ±1. Then T is an element of NO (2). 

Proof. Choosing spin frames for S and S', the possible spinor forms for the matrix representation of 
T all take the form AVB, A, B, V £ R(2) with A and B of determinant ±1 and V = (v AA ') (u a ) 
under (3.37-38). It follows that AVB = 2 iff V = 2 , i.e., T is an automorphism. Also, dct(AVB) = iff 
det(F)=0. From (3.39), 2det(V) = s 2 , 2 {v,v), soT(v) is null iff v is null. Hence, g(v,w) := s 2 , 2 (T(v), T(w)) 
is a scalar product on R 2 ' 2 with the same null cone as s 2j2 itself, whence g(v, w) — fcs 2j2 (w, w) for some k G R* 
(e.g., see Beem ct al. 1996, p. 26). Thus, det(AVB) = fedet(V), and k = ±1 according as det(A) and det(_B) 
have the same/opposite sign.a 



According to whether each of 9, A, <j> and fi has determinant ±1, eight possibilities occur in (3.70), which 
one expects to correspond to the eight connected components of NO (2). Indeed, the four components of 
0(2,2) have already been identified above. The anti-orthogonal automorphism F 2 interchanges ei with e 3 
and e 2 with a, whence fixes £ a and ra° and maps each of n a and fh a to their negative. This transformation 
corresponds to the mapping that fixes {d A , l A } and the mapping k a b > that maps{d' 4 , l A } to {6 A , — l A '} 
(and also corresponds to (— e B A , —k a b >) of course), i.e., 

F 2 = e B A K A ' B , = € A B {d A 'l B > + l A 'd B ,). 



Hence, given the structure of NO (2) and (3.52-64), one deduces the following short exact sequences: 






* {±(1,1)} -+ 


{ (tt^B, S A ' B ' ) 


(det(a),det(<5)) 


= (1,1)} 


SO+(2,2) -> 








* {±(1,1)} -+ 


{(a A B,^'s') 


(det(a),det(5)) 


= (1,-1)} 


J F 2 SO+(2,2) -> 








* {±(1,1)} -+ 


{(^ B ,^b0 


((det(a),dct(<5)) 


= (-1,-1)} 


Ol(2,2) 








* {±(1,1)} -+ 


{{a A B ,5 A ' B .) 


(det(a),det(5)) 


= (-1,1)} ^ 


F 2 0"(2,2) -> 








* {±(1,1)} 


{(P A 'b,1 A b>) 


(det(/3),det( 7 )) 


= (1,1)} ->• 


0+(2,2) 








* {±(1,1)} -+ 


{(P A 'b,7 A b') 


(det(/3),det( 7 )) 


= (1,-1)} ^ 


F 2 0+(2,2) -> 








* {±(1,1)} -+ 


{(/? A 'b, 7 V) 


(det(/3),det( 7 )) 


= (-1,-1)} -+ 


0±(2,2) -> 








* {±(1,1)} -+ 


{(/? a 'b, 7 V) 


(det(/?),det( 7 )) 


= (-1,1)} -»• 


F 2 0+(2,2) -> 






16 



e.g., the elements of F 2 + (2,2) arc of the form (k a> c/3 c ' b, £c A J C b>) = (k a> c"P C ' b, J A b>), where 
03 C ' S ,7 C sOeO-(2,2). 

From efghiL^ a L 9 bL h c L l d — det(L)e a b c d, (3.65), and (3.47), one computes that: for L a b — a A B S A b', 
det(L)e a b c d = [det(a) det(S)] 2 e a bcd, i-e., these forms have determinant 1 and determine SNO(2); for L a b = 
f3 A b1 A B' one obtains det(L)e a bcd = — [det(/3) det(7)] 2 e b C£ z, i.e., det(L) = —1 and these forms determine 
ASNO(2) := NO(2) \ SNO(2). These calculations accord with (3.73). The argument on PRI, p. 170, 
that the form (5 A B -f A B > cannot be path-connected with the identity transformation e B A e B > A is valid in the 
present circumstances too. 

These results show the spinor formalism is consistent in the sense that the spinorial object corresponding 
to an L e 0(2,2) under the correspondence induced by (3.37) and (3.41) is an element of Pin(2,2) and 
that its vector representation is precisely the action of L. 

Now consider elements L of ASNO(2), i.e., improper (anti-)orthogonal automorphisms. By (3.72), 
such L correspond to pairs ±((3 A b,J A b<), each term of which is either a symplectic or anti-symplectic 
isomorphism of symplectic planes, i.e., satisfies 

l A cH B D>e C ' D 'e AB = ±2 = ? A ' C P%' e CD e A ' B > . (3.74) 

Thus, fi a :— (3 A c£ AC and 7 a := 7' 4 c e ' 4 C are non-null vectors, of like character, i.e., both time like or both 
space like, iff L is orthogonal, and of opposite character iff L is anti-orthogonal. 

3.75 Lemma 

L a b(3 b = ±7°, according as j3 satisfies (3.74) with ± signs; 
L a b"f b = ±/? a , according as 7 satisfies (3.74) with ± signs; 
7 a /3 a = -tr( 7 o/?). 

Proof. Straightforward computations. For example, L a b~f b = fi A> ' b! A bH BB ' = fi A ' Bl A bH B c eB ' C ' — 
±e AB p A ' B M 

3.76 Lemma 

For any rank- two covariant tensor H a b- 

Hbaa'B' = -j[H a b + H ba - H c c g ah - e ah cd H cd ) 
H abb 1 A' = -^{H a b + H ba - H r c g ab + e ab cd H cd ). 
It follows that interchange of A and B in any spinorial object is achieved by 

jr cd . D C r C' D' ^f„c„d,„d„c „ „cd cd\ 

Uab ■= £A £_B £A' £B> = ^(9a 9b + 9a 9b ~ 9ab9 - e ab ) 

while interchange of A' and B' is achieved by 

t t cd CD D' C' ^ / c d , d c cd , cd\ 

V ab :=e A e B e A < e B > = -{g a 9b + 9a 9b - 9ab9 + e ab ) 
It follows that, for example, 

u ab cd = u cd ab v ab cd = v cd ab 

U ab Cd = Vab dC = V ba Cd - 
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Proof. By exactly the same argument as on PRI, p. 153, these results are analogues of PRI (3.4.53-54), 
(3.4.57), (3.4.59-60).- 

3.77 Lemma 

For L e ANO(2), 

Lab = P(alb) - -^{P C lc)9ab + ^abcdY P° 

Proof. Since L ab = jab'Pa'B, then L ab = V ab cd "lcPd and the result follows." 

3.78 Observation 

It is well known that L e End±(R p ' 9 ), i.e., is self/skew-adjoint, iff L ab is symmetric/skew: 

s p , q (L , ) = ±s Pl9 ( ,L ) g c bL c a = ±9 ac L C b, i.e., L ba = ±L ab . (3.78.1) 

It is of interest to identify (anti-)orthogonal automorphisms L a b for which L a b is symmetric or skew. By 
(3.78.1), if L ab is symmetric, then L a b is orthogonal/anti-orthogonal iff L 2 = ±1 i.e., an involution/complex 
structure, while if L ab is skew, then L a b is orthogonal/anti-orthogonal iff L 2 = 

An involution F of V = R p ' 9 induces a decomposition into its two eigenspaces V = E\(F) © E_i(V). 
If F is also orthogonal, then in fact V = Ei(F) Q E_\(F). If F is anti-orthogonal, then each of the two 
eigenspaces must be totally null, whence each is of dimension at most dim(V)/2. Clearly, det(F) = (— l) fe , 
where k — dim(_E_i(i ;1 )). If F is improper, then k is odd. Hence for V = R 2 ' 2 , if F were improper and 
anti-orthogonal, then one of E\{F) or E-i(F) would be a three-dimensional totally null subspace, which 
is impossible; thus R 2 ' 2 admits no improper, anti-orthogonal, involutions. Anti-orthogonal involutions for 
which the eigenspaces are of equal dimension are called paraHermitian structures. 

All complex structures have positive determinant, so there are no improper, (anti)-orthogonal, anti- 
involutions. Only R 2 p- 2 i admits orthogonal complex structures J; the ±i-eigenspaces of Jc are totally null 
in C 2p ' 2q . R"'™ admits anti-orthogonal complex structures J; the ±i-eigenspaces in C n ' n are orthogonal to 
each other. 



3.79 Proposition 

Let L G ASNO(2). If L a & is symmetric, then L a i, is orthogonal, whence involutary, (i a = ±-f a , and L takes 
one of two forms (signs according as (3 a — ±j a ): 

(i) -f a is time-like; L a b — i^ajb T 9ab\ L : -f a \-t j3 a and : j3 a ^ 7 , whence is reflexion in the line (7 a )R/in 
the hyperplane (7°)^ according as (3 a — ±7"; 

(ii) 7" is space-like; L a b = ±j a "fb± 9ab', L : 7" i-> — fi a and : (3 a i-> —7", whence is reflexion in the hyperplane 
(7 a )j^/in the line (7 a )R according as fi a = ±7°. 

As already noted in (3.78), there are no involutary, improper anti-orthogonal automorphisms of R 2,2 
nor improper, (anti-)orthogonal complex structures. 

Proof. Suppose L a b = L( ab y From the spinor form of improper (anti-)orthogonal automorphisms and 
PRI (3.5.2), or (3.77), it follows that (3 a oc 7°. Given the normalization condition (3.74), (3 a = ±7" (and 
are no n- null). Substitution into (3.77) gives the two forms of L ab according to the character of j a . From 
these two forms, one easily deduces the action of L on (7 a ) R , while (3.75) gives the action on 7° itself. 
Since (3 a and 7° are of the same character, i.e., (3 A b and ^ A b' have the same determinant, L is necessarily 
orthogonal. Hence, there are no improper, anti-orthogonal, anti-involutions. 

When Lab = L [ab] , (3.77) gives 

l(aPb) = -^{l C Pc)9ab- (*) 

Transvection of this equation by g ab shows that j c f3 c = 0; whence (*) becomes 7( a /?&) = 0, and transvecting 
this equation by 7 & yields (i a {l h lb) = 0. By (3.74), 7" is non-null, so (3 a = 0, which is impossible, as 
expected.! 
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Now consider proper (anti-) orthogonal automorphisms of R 2,2 , i.e., elements of SNO(2): 

= ±e A 'i 

(3.80) 



r« A X A' „A B C'D _i_^AB X A' cB' „ _i 



whence 



«iB« AB = ±2, according as det(a) = ±1 8a'B'5 A B — ±2. according as det(<5) = ±1. (3.81) 



Writing 

1 

2 



<X4B — V'AB + QfEAS ; IpAB =1p(AB), a := -UA A , 

Sa'B' = XA'B' + Se A 'B'; XA'B' = X(A'B'), S := \$A' A 



(3.82) 



then 

Lab=P9ab + F ab + T ab , (3.83) 

where 

p:=OiS, F ab ~ SlpABCA'B' + CtXA'B'CAB, T ab ■= IpABXA'B', (3.84) 

with p £ R, F a b skew, and T a {, symmetric and trace free. If one regards F a b as a Maxwell tensor, its energy 
tensor is (p/2n)T a b- 

Further analysis depends on the decomposition of the symmetric spinors ipAB and \A< B' ■ For ipAB there 
are two possibilities: 

V'AB = HAVb + Va^B Or IpAB = ±K(A«B) = MpaPb + va&b), (3.85) 

where fj, A , v A , pa, and a a are real spinors and ka = Pa + i&A and a A pA ^ (which condition ensures that 
ka is nontrivially complex, i.e., not just a complex scalar multiple of a real spinor), with 

ty ABty -\ 2 {a A p A f>Q; {3M) 

respectively. Substitution of these forms into (3.81) yields 

a 2 - {v A p A ? = ±1 and a 2 + {a A p A f = ±1, (3.87) 

respectively. The same possibilities occur for XA'B', of course, for which there is an analogous development 
to that which follows. 



Lemma 3.88 

The quantity (xab in (3.80) takes one of three forms. 

R 2 : with pPvu ^ 0, det(a) = ±1 (equivalently, a.ABCt AB = ±2), and ipAB = Pa^b + ^aPb then 

a AB = Pavb (l + p^y) + vaPb (l - ^^y) . (3.88a) 

CC: with (J D pd 7^= 0, ha = PA + ica, det(a) = 1 (equivalently, ctABOt AB — 2), and ipAB = i^M^s) then 

aAB = PA ( ±Pb + 7-75 r0\B J + OA \ ±<?B - -r~W — 7/°B ) = ±K(A«B) + (X6AB ■ (3.88b) 

i?i: with p D vu = 0, then det(a) = 1 (equivalently, a^sa" 45 = 2), and i^ab oc paPb then 

q;ab = ±(C^aPb + cab), (3.88c) 
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where fx a, V A i PA and a a are real spinors. The notation Ri indicates that ipAB has two real distinct principal 
spinors (PSs), CC indicates that tpAB has a pair of complex conjugate PSs, while R\ indicates that ipAB has 
a multiple real PS. 

Proof. liv D n D ^0, then 

£AB = —F, (PA^B - VaPb) = —75 (PA&B - <?APb)- 

V U p D <J U PD 

Combining the relevant form with (3.85) and substituting into (3.82) yields the cases R2 and CC. Note that 
in the case CC, (3.87) implies det(a) = 1. For the case R\, write va — (C/2)/iA, so that ipAB = (paPb- 
From (3.87), a 2 = ±1, but as a is real then a 2 = 1, and olab — CpaPb ± £ab, whence olabOl ab = 2, i.e., 
det(a) = 1. By absorbing a sign into £ if necessary, one can write uab — ±((paPb + £ab)-* 

Lemma 3.89 

The endomorphism ol a b has the following eigenvalues and eigenvectors according to the three cases of (3.88): 
R2: ce A B has two distinct real eigenvalues each of geometric multiplicity one, Ai := — (v d Pd + ct) with real 
eigenvector fi A , and A 2 := v D pd — ct with eigenvector v A \ 

CC: ct b has a complex conjugate pair of eigenvalues, each of geometric multiplicity one, Ai := ±i(a D po)—ct 
with complex eigenvector k a , and A2 := T'i{< jD PD) — ct with complex eigenvector R A ; 

R\. if ( 7^ 0, a A B = ±{Cp A pB + £ A b) has a single real eigenvalue of geometric multiplicity one, with 
real eigenvector \ia- 

Thus, in each case, the eigenvectors are just the PSs of ipAB- Note that for cases R 2 and CC, (3.87) can 
be interpreted as the fact that the determinant is the product of the eigenvalues; in particular, A2 = ±A _1 
in these cases, with sign according as det(a A s) = ±1. In case R\, the single eigenvalue =Fl has algebraic 
multiplicity 2, implying det(a A b) — 1, consistent with (3.88). 

Proof. Since a A B has at most two distinct eigenvalues, the results follow from simple calculations 
using the forms in (3.88); namely, compute the action of a A b on the PSs of ipAB- For case R\, note that 
a A B7 B = A7 A is equivalent to ±((j D p D )p A =F 7^ = A7^, i.e., to (A ± 1)^ A = ±C(^ D p D )p A . If A ^ =pl, 
j A cx fi A ; if A = =pl, then j d pd = 0." 

3.90 Notation 

For any endomorphism T e End(V), V = K™ a K-linear space, and (real or complex) eigenvalue A, let m\(T) 
denote the algebraic multiplicity of T, E\(T) the eigenspace of A (over V), and M\(T) the (K-)dimension of 
E\(T) (the geometric multiplicity) . When K = R, let Tq, denote the complcxification of T, i.e., the C-linear 
extension to an element of End(CF); then E\{Tc) is the eigenspace of A for Tc over CV and M\(Tc) 
its (complex) dimension. By analogy with W' q , introduce the notation C p ' q , i.e., C p+q equipped with the 
scalar product s Pig that makes the standard basis of C p+q \f-ON with signature (p, q). Similarly, C M is 
Qp+q equipped with the Hermitian scalar product h p . q that makes the standard basis of C p+q ^-unitary 
with signature (p, q). Of course, all the C p ' q of a given dimension are isometric to each other and signature 
is not an invariant of these spaces; the notation C p ' q is for convenience only, as the complcxification of R p ' q . 

The following results are easy and no doubt well known. 



3.91 Proposition 

Let L e 0(p, q). 

(1) For a real eigenvalue A 7^ ±1, E\(L) is totally null in R p ' q . 

(2) For an eigenvalue A of Lc, A 7^ ±1 implies E\{Lc) is totally null in C p ' q and |A| 7^ 1 implies E\{Lc) is 
totally null in C P ' q . 

(3) In particular, for L e O(n), all eigenvalues are unimodular. 

(4) Let A and p be eigenvalues of L. If Xfi 7^ 1, then E\{Lc) and E^Lc) are orthogonal in C p ' q (if both 
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A and p are real then E\(L) and E^L) are orthogonal in R p - q ), while if Xfi ^ 1 then E\(Lc) and E^Lc) 
are orthogonal in C P ' Q . 

(5) If A ^ ±1 is an eigenvalue of L, then A -1 is a distinct eigenvalue and 

M A -i(L) - M\(L) m x -i(L) = m x {L). 

Thus, the eigenvalues, other than ±1, of an orthogonal automorphism occur in pairs A and A^ 1 having the 
same multiplicities, while eigenspaces of distinct eigenvalues A and p are orthogonal, except perhaps when 
p = A" 1 . 



Similarly, one can easily prove the following analogue. 



3.92 Proposition 

Let L e AO(n, n). 

(1) if A is a real eigenvalue of L then E\(L) is totally null in R n,n , 

(2) if A is an eigenvalue of Lc, then E\(Lc) is totally null in C ' and totally null in C n ' n provided 
AV-1, 

(3) for eigenvalues A and p of L, if Xp ^ —1 then E\(Lc) and E^(Lc) arc orthogonal in C n ' n (if both 
eigenvalues are real then E\(L) and E^{L) are orthogonal in R™'™), while if Xfi ^ —1 then E\(Lc) and 
Efi{Lc) are orthogonal in C ' , 

(4) if A 7^ ±i is an eigenvalue of L then — A -1 is a distinct eigenvalue of L and 

M_ A -i(L) - M\(L) m_ x -,{L) = m\(L). 



Thus, the eigenvalues, other than ±i, of an anti-orthogonal automorphism occur in pairs A and — A -1 having 
the same multiplicities, while eigenspaces of distinct eigenvalues A and /x are orthogonal, except possibly 
when fi = —A -1 . 



It is easy to see that for L G SNO(2), L a i, = a A bS a b< has a (real or complex) null eigenvector £ A x A iff 
£ A is an eigenvector of a A s and \ A of S A b< (where £ A and \ A ma y b e rea l or complex). Hence, by applying 
(3.89) and its analogue for 6 A b 1 , one obtains a characterization of the null eigenvectors of L € SNO(2); 
specifically, for each of the four components of SNO(2), according as det(a A s) = ±1 and S A b 1 = ±1, 
one can apply the applicable cases R2, CC, and R\ to each of a A B and S A b' (cases R\ and CC not being 
applicable when the determinant is —1). Thus, there are nine cases for SO+(2,2), one for Ol(2, 2), and 
three each for F 2 SO+(2, 2) and F 2 CT(2, 2). 



3.93 Remark 

In the case CC, as ipAB is symmetric in ha and Ra, one has the freedom to specify that ka — pA + i<JA 
satisfies a D pu > (if not, interchange ka and Ra)- Similarly, in case R2, one has the freedom to specify 
that v D pd > (otherwise interchange pa and va). 



Now consider L a b e SNO(2) for which L ab is symmetric or skew. 



3.94 Proposition 

Other than multiples of the identity, L a b — a A bS a b 1 € SNO(2) has L a b symmetric iff: 

i) L a b e SO+(2, 2) with L a h = ip A BX A ' b>, where ipAB = ±K( A Rb) and XA'B> = ±\a'X B ') (signs not paired), 
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k = pA ~\~ i&A and A a' = f]A' + i&A' both nontrivially complex spinors such that {p A , cr A } and {r) A , A } are 
spin frames. L a b = ±{p A p B + a A a B ){p A r} B ' +8 A Ob 1 ); for the given spin frames, if {U a ,V a , X a ,Y a } is the 
associated *-ON basis (3.48-49), then ±L = l® (-1) with respect to (U a ,V a ) R © (X a ,Y a ) R , i.e., ±L is 
reflexion in (U a , V a ) R = R 2,0 ; or 

ii) L a b e Ol(2,2) with L a b = ip A B X A ' b>, iPab = Pa^b + v A pB, Xa>b> = ^a<t b < + t a ,tt b >, with {p A ,v A } 
and {tt a ',t a '} spin frames. If {U a , V a ,X a , Y a } is the associated *-ON basis (3.48-49), then L=l® (-1) 
with respect to (U a ,X a ) R © (V a ,Y a } R , i.e., L is reflexion in (U a ,X a ) R = R 11 ; or 

hi) ±L a b e F 2 Ol(2,2) with L a b = ip A B x A ' B >, where V'ab = Pavb + vaPb and xa'B' = \a'^b') = 
(va'Ob' + Oa'Vb'), Aa' = f]A' + i@A'i an< i {p A v A } and {ry 4 ,8 A } are spin frames. ±L a b are a complex- 
conjugate pair of anti-orthogonal complex structures; if {U a ,V a ,X a ,Y a } is the \P-ON basis associated to 
the spin frames by (3.48-49), {U a ,V a ,Y a , X a } is a complex basis for L a bl i.e., L(U) = Y and L(V) = X, 
whence (U a — iY a ,V a — iX a )c is the z-cigcnspace of Lc, and is nondegenerate and orthogonal to the —i- 
eigenspace (U a + iY a , V a + iX a ) c in C 2 < 2 ; or 

iv) ±L a b e F 2 SO+(2,2) with L a b = ~ip A B X A ' B', where Vab = k (a k b) = {paPb + o'a^b), ka = Pa + i°A, 
and XA'B' = t^A'Tb 1 + t A 'Tt B /, and {p A ,a A } and {rj A ,9 A } are spin frames. ±L a b are a complex-conjugate 
pair of anti-orthogonal complex structures; if {U a ,V a , X a ,Y a } is the vf-ON basis associated to the spin 
frames by (3.48-49), then {U a ,X a ,Y a ,V a } is a complex basis for L a b , whence (U a - iY a ,X a - iV a ) c is 
the i-eigenspace of Lc, and is nondegenerate and orthogonal to the — i-eigenspace (U a + iY a 1 X a + iV a )c 
in C 2 > 2 . 

L a b = a A B 5 A ' B > € SNO(2) has L ab skew iff: 

a) ±L a b £ SO+(2,2), with L a b = ^ A B e A ' B > , where Vmb = K( A R B) = Pa^b + °ApB, k a = p A + ia A , 
and {p A ,<r A } is a spin frame. ±L a b is a pair of complex-conjugate orthogonal complex structures. The 
i-eigenspace of Lc is the complex /3-plane Wti := { R A ( A : ( A £ CS" } in C 2 ' 2 and the — «-eigenspace is 
the complex /3-planc W[ re ] := { K i ( A : C" 4 € CS" }, which are each totally null but not orthogonal to each 
other and C 2 < 2 = W [ft] © W [re] ; or 

b) ±L a b £ i^ 2 Ol(2,2), with L a b = tp A B e A B >, where ipAB — Pavb + v A p B and {p A ,v A } is a spin frame. 
±L a b are anti-orthogonal involutions; in particular, paraHcrmitian structures. The eigenspaces are real ft- 
planes in R 2 2 , E\{L) = W [fl] := { p A tu A ' : uj a ' £ S' } and £Li(L) = W [v] := { v a lo a ' : uj a ' e 5' }, which are 
each totally null but not orthogonal to each other and R 2,2 = ® W[ v y, or 

c) ±L a b e SO+(2,2), with L a b = e A BX A ' B >, where \a>b> = \a>^b>) = VA'VB' +0 A '0 B ', \a> = VA' +iO A >, 
and {rj A ,9 a } is a spin frame. ±L A B is a pair of complex-conjugate orthogonal complex structures. The 
i-eigenspace of Lc is the complex a-plane Zp^ := { ( A X A : ( A £ CS} in C 2,2 and the — i-eigenspace is the 
complex a-plane W[ A ] := { ( A X A ' : ( A G C5}, which are each totally null but not orthogonal to each other 
and C 2 > 2 = W [X] 8 W [A] ; or 

d) ±L a b e i^ 2 SO+(2,2), with L a b = e A B x A ' b>, where XA'B' = t^A'Tb' + t a ,tt b > and {tt a ' ,t a '} is a spin 
frame. ±L a b are anti-orthogonal involutions; in particular paraHermitian structures. The eigenspaces are 
real a-planes in R 2 ' 2 , E\{L) = Z [A := {uj a tt a ' : uj a e S} and E_i(L) = Z [r] := {u a t a ' : lu a £ S}, which 
are each totally null but not orthogonal to each other and R 2 ' 2 = © Zi T i. 

F 2 , of course, must be an example of (d); F 2 = e A B (d A i B * + l A o B i), as noted in connexion with (3.73). 

Note that all orthogonal complex structures belong to SO+(2,2). In fact, for the standard basis 
{ei,...,e„} of R 2p < 2<z , the mapping J : e; i-» e p+i , e p+i i-» -e t , for i = l,...,p, and e 2p+ j ^ e2 P+q+j , 
£2p+q+j !-> ^ e 2p+j, for j = 1, . . . , 5 is an orthogonal complex structure and an element of SO+(2p, 2q). 
Every other orthogonal complex structure of R 2 p< 2< ? is of the form LJL^ 1 , for some L £ 0(2p, 2q), whence 
in SO+(2p, 2q), as the latter is a normal subgroup. 

Proof. L £ SNO(2) has L ab = L (ab) iff F ab = in (3.83), i.e., by (3.84), iff 6tp AB = and a X A>B> = 0. 
Now 5 and XA'B' zero is equivalent to 5 A B > = 0, while a and ipAB zero is equivalent to a A b — 0; in both 
cases L = 0, which is not (anti-)orthogonal. If tpAB = and XA'B' = 0, then L ab = pg ab in (3.83) and 
L = ±1. Thus, the only non-trivial possibility is a = 5 = 0. Substituting this condition into (3.87) gives 
four possibilities, as follows. 

Case CC x CC, i.e., -i/^s = ±K( A k B ), = pa + iovt, and xa'B' = ±A ( a'A S /), Aa = ??A' + i0b>, with 
(<j d Pd) 2 = {9 D VD') 2 = 1 by (3.83), whence, by virtue of (3.93), one can suppose a D p B = 1 and 6 D rj B > = 1, 
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i.e., {p A ,a A } and {rj A ,0 A } are spin frames. In this case L a b S SO+(2, 2), and one computes that, under 
±L: 



p A Tj A ' ^ {a D PD ){e D ' m ,)a A e A ' = a A 6 A ' <i A 6 A ' i — y (a D p D )(6 D 'ri D -)p A r) A ' = p A r\ A ' 

p A 6 A ' h> (a D p D )(r] D 'e D >)a A r] A ' = -a A V A ' a A V A ' (a D p D )( V D ' 6 D ,)p A A ' = -p A A ' . 

Thus, constructing the null tetrad associated to the spin frames {p A ,a A } and {r] A ,9 A }, and then the 
associated VP-ON basis (3.49), one deduces that with respect to the decomposition R 2,2 = (U a ,V a )n Q 
(X a ,Y a ) R , ±L = 18(-1). 

Case i?2 x i? 2 , i.e., ipAB = ^P(A V B) and Xa'b 1 = 2k(A'T~b'), with {y D ' ^d) 2 = (t d ttd') 2 = 1, whence 
L e Ol(2, 2) by (3.87). By (3.93), one can suppose {p A ,v A } and {n A ,t a } are spin frames. Constructing 
the associated null tetrad and *-ON basis (3.48-49), one computes that L = 1 ffi (— 1) with respect to 
the decomposition R 2,2 = (U a ,X a )fi Q (V a ,Y a )fi. Note that — L ab can be written as, say, [va{— Mb) + 
(—Pa)^b][t'A'Tb' + ta'TTb 1 ], w hh associated spin frames -{V" 4 , — p A } and {tt' 4 ,t a }. For the \I>-ON basis 
associated to these spin frames, — L does take the form specified in the statement of the proposition. 

Case R 2 x CC, i.e., ipAB = ^P(a v b) and XA'B> = ±\a'^b'), ^a = Va> + i0B', whence ±L a b = 
(p A i> B + v A p B ){r) A Vb' +0 a 6b>) € i*20l(2, 2) and are a complex-conjugate pair of anti-orthogonal complex 
structures. By (3.93), one can suppose {p A , v A } and {ij A , 9 A } are spin frames. The associated Vt-ON basis 
{U a ,V a ,X a ,Y a } is such that {U a ,V a ,Y a , X a } is a complex basis for L a b . 

Case CC x R 2 , i.e., Vab = ±K(a«b) = ±(paPb + va°b) and XA'B' = t^A'Tb' + ta>k b >, whence 
±L a b — tp A BX A B 1 € i 7 2SO+(2, 2) are a complex-conjugate pair of anti-orthogonal complex structures. By 
(3.87) and (3.93), one can suppose {p A ,a A } and {tt a ,t a } are spin frames, and for the associated <J>-ON 
basis {U a , V a , X a , Y a }, {U a , X a , Y a , V a } is a complex basis of L a b . 

Now suppose L e SNO(2) satisfies L ab = Lt ab i, whence in (3.83) pg ab + T ab = 0. Since T ab is traceless, 
transvecting by g ab yields p = and T ab = 0, i.e., a5 — and ^abXA'B' — 0, which give two possibilities: 
a = and xa>b> = 0, i.e., L ab = S^ab^A'B', and <5 = and i\) A b = 0, i.e., L ab = ae A BXA>B>- 

For the first possibility, (3.87) implies ipAB = ±K(aKb) = ±{paPb + cactb) iff dct(a A B ) = 1 and 
VUb = VaVb + v a Pb iff Act(a A B ) = -1. As det(<5e A ' B ') = 5 2 > 0, <5 A ' B > g SL(2;R), <5 = ±1, and 
noting (3.93), one obtains the two possibilities (a) and (b), respectively. The further statements in (a-b) are 
confirmed by simple computations. 

For the second possibility, (3.87) implies XA'B 1 — ±\a'^b') — ±{VA'i]B' + Oa'Ob') iff det(<5 A B >) = 1 
and XA'B' = tta'Tb' + ta'Ttb' iff dct^'s*) = -1. As &ct(ae A B ) = a 2 > 0, a A B g SL(2;R), a = ±1, and 
noting (3.93), one obtains the two possibilities (c) and (d) respectively." 

As is well known, the Lie algebra so(p,q) of 0(p,q) is the linear space End_(R p ' 9 ) of skew-adjoint 
endomorphisms of R p ' 9 ; consequently, all these Lie algebras are linearly isomorphic to the space of rank two, 
skew tensors on W }+q by virtue of (3.78.1) In particular, if S a b g End_(R 2 ' 2 ), then 

Sab — 4>AB£A'B' + CAB^A'B', (3.95) 

for some symmetric spinors <j)AB and £a'B'- Now Spin+(2, 2) = SL(2; R) x SL(2; R), whence spin(2, 2) = 
sl(2; R)®sl(2; R). Since the homomorphism T of (3.3) is an isomorphism on a neighbourhood of the identity, 
it induces an isomorphism of Lie algebras, which one can recognize in (3.95) as follows. The Lie algebra 
of SL(2;R) is the linear subspace of traceless elements in R(2). Noting that <f> A A — 4>ba£ AB , then cf>AB is 
symmetric iff 4> A b is traceless as an endomorphism of S = R 2 . 

The induced action of SO+(2,2) on the spaces A 2 „(R 2 ' 2 )/A 2 _(R 2 ' 2 ) of self-dual(SD) /anti-self-dual 
(ASD) two-multivectors of R 2,2 yields a smooth, surjective homomorphism p + , with kernel {±1}, from 
SO+(2,2) to SO+(l,2) x SO+(l,2) (where the induced scalar product on the space of multivectors is 
employed). This homomorphism induces an isomorphism: so^2,2) = so(l,2) ©so(l,2). Also, p + lifts to 
spinors as follows. If L g SO+(2,2), and L o ±{a A B , S A B >) g SL(2;R) x SL(2;R) ^ Spin+(2,2), 
the action of L a b on S ab corresponds to a A ca B d4> CD and S A c'S B d'S, C D , i-e., to the induced actions of 
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the two factors of Spin+(2, 2) on S S and S' S' , each of which is, in turn, realizations of the vector 
representation of Spin+(1, 2) = SL(2; R). Thus, at the level of Lie algebras, 

spin(l, 2) spin(l, 2) ^ spin(2, 2) ^ so(2, 2) ^ so(l, 2) © so(l, 2), 

which is also evident in (3.95). 

Consider 4>ab in (3.95). The following considerations will also apply to £,a'B'- First suppose 4>ab = 
K( A k B ), with k a = p A + ia Al <r D p D > 0. By (3.47), (3.80) and (3.86), 2det(</> A B ) = $ A B<i> AB = 2(a D p D ) 2 > 
0. Let A be a square root of det(0 A s). Then, as <i> A c<t> c b — {^/^)4>de4' DE 'cab, J a b '■= ^~ 1 4> a b is a 
complex structure, whence 

exp(s J A b) = —£ A b cos s + J A b sin s, 



a A B := exp(tcf> A B ) = 4> A b ( ) - cos(Ai)e A S , (3.96) 



and putting s = Xt yields 



which is of the form (3.82) and of case CC in (3.88). 

If instead <f) A B = p A vs + v a pb, then 2dct(0 A s) = 4>cd^ CD = —2(v d pd) 2 < 0. Let A now be a square 
root of (y D pd) 2 , whence P A b '■= X~ 1 <fi A B is an involution, so 

exp(sP A B) = —£ A b cosh s + P A b sinh s. 

Putting s = Xt yields 

a A B := exp(^ B ) = <f> A b (^^j _ C osh(Ai)eV (3.97) 
Now A = ±(v D po), so when A ^ 0, (3.97) is case Ri of (3.88). In the limit A — > 0, one obtains 

a A B = t<p A B -e A B , (3.98) 

which is case Ri in (3.88) because v B po = when A = 0. 

Note that (3.96) describes one-parameter subgroups of SL(2;R) homeomorphic to S 1 ; in particular, 
when A = 1, such subgroups contain e A B, i-C, —1 (e.g., for t = n). Moreover, taking the trace of (3.96) 
gives tr(a A B) = 2cos(Ai), whence such elements are so-called elliptic or parabolic elements of SL(2;R), see 
Carter et al. (1995), pp. 56-58. On the other hand, (3.97) and (3.98) describe one-parameter subgroups 
homeomorphic to R, and taking the trace of (3.97) gives tr(a B ) = 2cosh(Ai) > 2, i.e., the hyperbolic, and 
certain parabolic, elements of SL(2;R) in the image of the exponential mapping. 

It is useful to have matrix descriptions of orthogonal transformations of R 2 ' 2 with respect to Witt bases, 
in particular with respect to the standard Witt basis associated to the standard basis via (3.50); this matrix 
representation may be called the standard matrix representation of 0(4;hb). By the previous construction, 
the standard Witt basis is {£ a , rh ,n a , —rh a }, where {£ a , fh , n a , rh a } is the null tetrad associated via (3.48) 
to the spin frames {o A , l A } and {d A , l A }. If 



put 



o A := ao A + bl A l a := cd A + dt A o A ' := ad A ' + /3l A ' l a ' := ~fd A ' + 5l A ' , (3.99) 



El := o A o A ' E% := l a o a ' E* := i A i A ' E% := -o A i A '. (3.100) 



The transformation L mapping the standard Witt basis to {Ef, . . . has matrix representation 

/ aa col C7 — 07 \ 

H % % % U U(b d) <" m > 

V —a/3 —cj3 —cS aS ) 
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with respect to the standard Witt basis; here A, B, C and D e R(2). When 



Ai := 



a c 
b d 



a 7 
P 5 



(3.102) 



A' A A' 



, O A 



} is a null 



are both elements of SL(2;R): {o A 1 i A ' and {o A ' ,t A '} are spin frames; {o A o 
tetrad; (3.100) is a Witt basis; and L is orthogonal. One easily confirms that the inverse of L is given by (1.2). 
Matrices of the form (3.101-102) therefore describe the identity component SO+(4; hb) of 0(4;hb). When 
Ai and A 2 both belong to ASL(2;R): {i A ,o A } and {l a> ,o a '} are spin frames; {o A o A> , l a o a \ l a l a ' , o a l a '} 
is again a null tetrad; (3.100) is again a Witt basis; (1.2) is again the inverse of (3.101); and, by (3.56), 
(3.101) now describes the other connected component of SO(4;hb). Note that the two forms of (3.101) can 
be distinguished by the determinants of the eight 2 x 2-minors that have a common factor; in particular 



det(A) = a 2 , det(B) = /3 2 , det(C) = 7 2 , det(D) = S 2 , 

for SO+(4;hb) and 

dot (A) = -a 2 , det(B) = -/3 2 , det(C) = - 7 2 , det(D) = -S 2 , 



(3.103) 



(3.104) 



for SO(4;hb) \ SO+(4;hb). Similarly, the 2 x 2-minors that have a, (3, 7 or 5 as common factor, have 
determinants a 2 , — b 2 , — c 2 , d 2 and —a 2 , b 2 , c 2 , — d 2 , in the two cases respectively. 
Now consider mappings 



d A 1 y ad A ' + /3l A ' 



l A 1 y -yo A ' + 5l A ' 6 A 1 y ad A + bl A l a ' m> co a + dl A . 



-A' 



A 1 



With the definitions (3.99) but now 

Ef := o A o A ' 



E a 2 



o A i A ' 



El := l 



A L A ' 



A n A' 



T?a A 

£j a .— —L O 



in place of (3.100), see (3.51b), the transformation T mapping the standard Witt basis to {Ef, . . 
matrix representation 

/ aa 07 C7 — ca \ 

ba 67 c?7 — da \ _ ( A C 
b[3 bd dS -dp } \B D 
\ —a/3 — aS —c5 c/3 ) 



T = 



(3.105) 

(3.106) 
, E%} has 

(3.107) 



with respect to the standard Witt basis. 

When Ai and A 2 are both elements of SL(2;R) or both elements of ASL(2;R) then (3.106) is a Witt 
basis, T is orthogonal, the inverse of (3.107) is given by (1.2), and 



dct(A) = det(B) = det(C) = dct(D) = 0. 



(3.108) 



When Ai and A 2 are both elements of SL(2;R), one has, by (3.60), a matrix description of that component of 
0(4;hb) corresponding to CTj_(2, 2) and the eight 2 x 2-minors that have a common factor have determinants 



-a 2 , b 2 



d 2 



-/? , 7 , and 5 . When A x and A 2 are both elements of ASL(2;R), one has, by (3.64), 



a matrix description of that component of 0(4;hb) corresponding to 0+(2, 2) and the eight 2 x 2-minors 
that have a common factor have determinants a 2 , — b 2 , c 2 , — d 2 , a 2 , (3 2 , — -f 2 , and — S 2 . 

Alternatively, one can use (3.101) with Ai and A 2 in SL(2;R) for a matrix description of the iden- 
tity component and the coset structure of 0(2,2) = 0(4;hb) to obtain matrix descriptions of the other 
components. For example, let 



'1 := 





1 









1 

























Vo 





1 


I) 





-1 0^ 

10 

0-10 

1, 



F 



/ 0-10^ 
10 
-10 
V 1. 



J := 



/0 1 0^ 
10 
10 

Vo 1, 

(3.109) 
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Then 



l\ = if = F 2 = J 2 = 1 FJ = I 2 = JF. (3.110) 

Interpreting the matrices in (3.109) as matrix representations of automorphisms with respect to the standard 
Witt basis, ii represents the automorphism L\\ l a -H- m , n a o — fh a , i.e., ei <-> e 2 and e3 f> e4, i.e., L\ has 
matrix representation I\ with respect to the standard basis itself and is obviously an element of Ol(2, 2). 
Multiplying L in (3.101) by 1\ on the left interchanges the first and second rows and the third and fourth 
rows of (3.102), which is equivalent to the interchange a o b and c <H> d in Ai and replacing (5 by —(3 
and 5 by —5 in A2, thus converting these matrices into elements of ASL(2;R) and converting (3.103) into 
(3.104). Similarly, the automorphism L2 represented by I2 has I2 as matrix representation with respect to 
the standard basis and is an element of Ol(2, 2) too. Multiplying L in (3.101) by I2 on the left is equivalent 
to replacing a by —a and c by — c in Ai and (3 by — (3 and 6 by —5 in A2. 

The automorphism L3 represented by F maps e\ h-> — ei and fixes the other elements of the standard 
basis and thus is an element of CTj_(2, 2). Multiplying L in (3.101) by F on the left is equivalent to replacing 

Ai by ^_f Q J 5 ^ and A 2 by ~ d ^, both of which are elements of SL(2;R) and with this substitution 

F.L is of the form (3.107). The automorphism L4 represented by J maps 63 1— > — e3 and fixes the other 
elements of the standard basis and thus is an element of Oj~(2, 2). Multiplying L in (3.101) by J on the 
left is equivalent to replacing Ai by and A2 by c)' eacn °f which is an element of ASL(2;R) and 

with this substitution J.L is of the form (3.107). 

For spinor analysis on four-dimensional manifolds with a neutral metric, see Law (2009). 



4. Classification of Self- Adjoint Endomorphisms 

The algebraic classification of the Ricci tensor R ab is just a special case of the algebraic classification 
of symmetric, rank-two covariant tensors S a b = S( a by By (3.78) S a b is symmetric iff the associated endo- 
morphism S a b '■= g ac S c b is self-adjoint. So, in general, the space of interest is End + (R P,<? ). There are the 
following simple results for self-adjoint endomorphisms. 



4.1 Proposition 

Let L e End+(RP<«). 

i) any eigenvalue of Lc with a nonnull eigenvector in C M (in particular, real eigenvector nonnull in ~R p,q ) 
is real. In particular, for a complex eigenvalue A, E\(Lc) is totally null in C P<1 . Consequently, for L e 
End + (R™'°), every eigenvalue is real. 

ii) if A and fi are two distinct eigenvalues of L, then E\(Lc) and E^Lq) are orthogonal in C p - q . 



A classification of self-adjoint endomorphisms can be based on Jordan canonical forms (JCF). First 
some standard facts. 



4.2 Facts 

Let J m (A) denote the m x m matrix with A's down the diagonal, l's down the superdiagonal, and 0's 
elsewhere. I refer to this matrix as the Jordan block of size m for the eigenvalue A. It will prove convenient 
to let J- m (A) denote the m x m matrix with A's down the diagonal, -l's down the superdiagonal, and 0's 
elsewhere. Let 



2G 



K t (a,b) := 



fab 

—b a 




V 



1 
1 

a b 
—b a 





1 
1 

a b 
-b a J 



e R(2t). 



(4.2.1) 



If an endomorphism 5 of R n has a complex eigenvalue A, suppose the Jordan blocks in the JCF of 5c 
determined by A are J mi (A), . . . , J mr (A). Then A is also an eigenvalue of 5c and its Jordan blocks in the 
JCF of 5c are J TOl (A), . . . , J mr (A). If W is the summand in the JCF decomposition of C n determining the 
Jordan blocks of A, and {wi, . . . , w m } the basis of W with respect to which 5c \w has JCF J mi (A) © • • • © 
Jm r W as matrix representation, then {W[, . . . , W^} is the basis for W with respect to which 5c|jy has JCF 
4, (A) © ... © J TOr (A) as matrix representation. Define 



ID,- 



Wi 



ID,' 



whence 



Uj := 



>/2 

Uj + ivj 

~7T~ 



Vj := 



iV2 



Uj — ivj 



Wi 



V2 



((4.2.2) 



(4.2.3) 



The set B := . . . , u m , v m } is a subset of R n ; putting V := . . . , u m ,v m )~R., then S is a basis 

for V and C(V) ~W @ W. 

Let w-i, u_i and v-i each denote 0. The first Jordan block of 5c \w arises from the elements 
wi, . . . ,w mi , say, mi < to. Then, Sc{uij) = Xwj + Wj-i, 1 < j < mi. Writing A = a + 6i, o, i G R, 
then 

5(wj) = auj — + Uj-i S(vj) = buj + avj + Vj-i. 

Hence, with respect to {u\,v\, . . . ,u mi ,v mi } S , |^ ul)t)1) ... )Um „ m ^ R has matrix representation K mi (a,b). It 
follows that with respect to the basis B, S\y has matrix representation that is block diagonal, the blocks 
being K mi (a, b), . . . , K mr (a, b), for some toi, m r satisfying ^\ rrii = to. Repeating this construction for 
each pair of complex conjugate eigenvalues of 5 allows one to construct a basis for R™ with respect to which 
5 takes the realized JCF, i.e., is block diagonal, containing the Jordan blocks of real eigenvalues and the 
K m (a, b) for complex conjugate pairs of eigenvalues. 



The following result is stated in O'Neill (1983), pp. 261-262. A proof may be constructed by examining 
the construction of the Jordan canonical form and making more specialized choices to inductively construct 
bases that achieve the desired result. The proof is somewhat lengthy and I will not give it here. 



4.3 Proposition 

An endomorphism 5 € EndR.(R p+9 ) is in End + (R P ' 9 ) iff W' q admits an orthogonal, 5-invariant decompo- 
sition, viz., 

R M = C/i Q . . . Q U k (4.3.1) 
with S\-(Ug) < Uf, I = 1, . . . , k, such that either: 

(1) Ue admits a basis {v\, . . . , v n } (n dependent upon £), satisfying, with e = ±1 (fixed for each summand), 



e, for i + j = n + 1, 
0, otherwise, 
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with respect to which S\u e has matrix representation a Jordan block J n (A), where A is a real eigenvalue of 
S, or 

(2) Ui admits a basis \u\, v\, . . . , u m , v m } (m dependent upon I), satisfying 

Sp,q(Ui,Uj) = 1 = —S Pl q(Vi,Vj) if i + j = m + 1 

and all other scalar products zero, and with respect to which S\u t has matrix representation K m (a, b), where 
a + ib, a, b <G R, is a complex eigenvalue of S. 

The basis of W +q provided by this decomposition yields the realized JCF for S. 

In case (1), with j := n + 1 — i, define 

x % .- ^ y t .- ^ . (4.3.2) 

For n = 2k, {v\, . . . , Vk, cv2 k , • • • , ewfe+i} is a Witt basis and {x\, . . . , x k , yi, ■ ■ ■ , yk} a ^-ON basis of signature 
(n, n) for Ug. For n = 2k + 1, {v\, . . . , Vk, e«2fe+i, • ■ • , ewfc+2} is a Witt basis for the space 
(vi, . . .,v k ,Vk+2, ■ ■ ■ ,V2k+i)n and v k+ i is a unit vector; {x x , . . . , x k , v k +i, yi, . . . is a *-ON basis for Ut 
of signature (k + 1, k) when e = 1 (in which case yk+i = 0) or of signature (k, k + 1) when e = — 1 (in which 
case = 0). 

In case (2), with j := m + 1 — i, define 

Xf := ^ r± := (4.3.3) 

When m = 2k, {m, . . . , u kl v±, . . . ,Vk,u 2 k, ■ ■ ■ , Mfe+i, -«2fcj • • • , -Vk+i} is a Witt basis and 

{X+, . . . ,X+, Ff, . . . ,y fe ",Xf, . . . , y+, . . . , r+} is a *-ON basis of signature (2k, 2k) for 17*. When 

m = 2k + 1, {ui, . . . , ttfc, wi, . . . , v k ,u 2 k+i, ■ ■ ■ , Uk+2, — «2fe+i, • • • , — Wfc+2} is a Witt basis for the space 

(iti, . . -,u k ,Uk+2 ■ ■ ■,u 2k +i,v 1 ,. . .,v k ,v k +2, ■ ■ ■ , v 2k +i)R and and v k+1 arc unit vectors = F fe ^ 1 = 

and {Xi , . . . ,X£,Y{~, . . . , Y k ~ , u k +i, Xf , . . . , X^,Y^~, . . ., Y k + ,Vk+i} is a *-ON basis of signature (m, m) 

for U t . 

Hence, odd-dimensional summands are of signature (r,s) with r — s = ±1, which case only occurs for 
real eigenvalues, while even dimensional summands are neutral. 



4.4 Corollary 

S e End + (R 2,2 ) admits an orthogonal, S'-invariant decomposition R 2,2 = Ui Q • • • Q) Uk, 1 < k < 4, such 
that: 

i) for a one-dimensional summand U = (v)r, v is a unit vector and S\u = XI, for some eigenvalue A e R; 

ii) for a two-dimensional summand U, U = R 1,1 and either 

case (1) of (4.3) pertains, i.e., U admits a basis {^1,^2}, with 52,2(^1,^2) = e = ±1 the only nonzero scalar 
products, with respect to which S\u has matrix representation J2(A), i.e., U admits a Witt basis {vi,eV2} 
with respect to which S\u has matrix representation 

J ±2 (A) = ( ^ ~^}) (which is self-adjoint according to (1.2)); 



x A / 

equivalently, with respect to the ^"-ON basis {x\,yi} of signature (1, 1) of (4.3.2), S\u has matrix represen- 
tation 

A+| -e/2' 



e/2 2 A 



(which is self-adjoint according to (1.1)) 



or 

case 2 of (4.3) pertains, i.e., U admits a basis {ui,v\}, which is ^-ON of signature (1, 1), with respect to 
which S\u has matrix representation 

a b 



K!(a,b) 



—b a 
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equivalently, with w := u\ + ivi, A = a + ib, {w, w} is a basis for W := CU with respect to which Sc\w has 
matrix representation Ji(A) ® Ji(A), i.e., 

'A 0' 
A . 

2 2 

w and w are each null but not orthogonal to each other in C ' , but are each non-null and orthogonal to 
each other in C 2,2 , in accord with (4.1); 

hi) for a three-dimensional summand U case (1) of (4.3) pertains and, either 

U = R 1 ' 2 and admits a basis {vi, V2, V3}, whose nonzero scalar products are 52,2(^1, ^3) = — 1 = 52,2(^2,^2) 
and with respect to which S\u has matrix representation Ja(A), A e R, whence {xi,«2,yi} (with e = —1 in 
(4.3.2)) is a *-ON basis of signature (1, 2), with respect to which S\u has matrix representation 



1 





1 

V2 

A 

1 

V2 



\ 



1 
A 



(which is self-adjoint according to (1.1)), 



(4.4.1) 



U = R 2 ' 1 and admits a basis {t>i,V2,V3} whose nonzero scalar products are 52,2(^1, ^3) = 1 = 52,2(^2,^2) 
and with respect to which S\u has matrix representation J3(A), A € R, whence {xi,V2,yi} (with e = 1 in 
(4.3.2)) is a ^-ON basis of signature (2, 1), with respect to which S\u has matrix representation 



1 




1 

A 
1 

V2 



\ 
1 

x ) 



(which is self- adjoint according to (1.1)); 



(4.4.2) 



iv) for a four-dimensional summand, U = R 2,2 , and either 

case (1) of (4.3) pertains, i.e., U = R 2,2 admits a basis {vi, V2, V3, V4} whose nonzero scalar products are 
52,2(^1,^4) = 32,2(^2,^3) = e = ±1 and with respect to which S has matrix representation J4(A), A e R; 
{v\, V2, eV4, ev%} is a Witt basis with respect to which S has matrix representation 



/A 1 CP 

A e 

A 

V0 1 Ay 



(which is self-adjoint according to (1.2)), 



(4.4.3) 



and from (4.3.2) {xi, x 2 , yi, 2/2} is a ^-ON basis of signature (2,2) with respect to which S has matrix 
representation 




(which is self-adjoint according to (1.1)); 



(4.4.4) 



or 



case (2) of (4.3) pertains, i.e., U = R 2,2 has a basis {u\, v\, U2, V2} whose nonzero scalar products are 
§2,2(^1, U2) = 1 = — S2,2(uij V2) and with respect to which S has matrix representation ^2(0, b), A = a + ib 
and A are eigenvalues with eigenvectors w = Ui + ivi and w respectively; thus,{wi, vi, 112, — V2} is a Witt 
basis with respect to which S has matrix representation 



( a b 1 

-b a -1 

a -b 

V b a 



(which is self-adjoint according to (1.2)), 



(4.4.5) 
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while from (4.3.3) {X^~ , Y 1 , X 1 , F+} is a *-ON basis of signature (2, 2) with respect to which 5 has matrix 
representation 



fa + 







a 
1/2 

-b 



-1/2 6 
-6 1/2 
-i 



(which is self- adjoint according to (1.1)). 



(4.4.6) 



-1/2 a+\ 



4.5 Classification of Self-adjoint Endomorphisms of R 2,2 

Putting together the possible summands in (4.4) results in the following classification. I use an explicit 
notation that describes the summands and the associated JCF on that summand. I also quote the Segre 
characteristic, which lists the sizes of Jordan blocks in the decomposition and groups together between round 
brackets those belonging to the same eigenvalue, for the sake of comparison with the classification in the case 
of Lorentzian signature, e.g., in PRII and Kramer et al. (1980), Table 5.1. Note one immediate difference. 
As noted in (4.3), even dimensional summands are neutral, whence no self-adjoint endomorphism of R 1 ' 3 
can have a trivial decomposition in (4.3), whereas this is possible for self-adjoint endomorphisms of R 2,2 . 
Type I: (4.4)(iv), case (1): the JCF of 5 is J4(A), A £ R with respect to a basis {vi, V2, «3, V4} such that 
V2, e«4, £^3} is a Witt basis, with respect to which the matrix representation is given by (4.4.3), while 
(4.4.4) gives the matrix representation with respect to the \£-ON basis {xi, x 2 , j/i, 2/2} of (4.3.2). Thus, 5 
has a single eigenvalue A with ni\(S) = 4 and M\(S) = 1 (recall notation from (3.90)). I denote the type 
by (R 4 ^, ./4(A)) (noting that the basis giving the JCF is a nonstandard ordering of a Witt basis). The Segre 
characteristic is [4] and this type has no analogue in the Lorentzian case. 

Type II: (4.4)(iv), case (2): 5 has realized JCF K 2 (a, b) with respect to a basis {u\, vi, u 2 , v 2 } such that 
{u\,Vi,U2, — V2} is a Witt basis, with respect to which 5 has matrix representation given by (4.4.5), while 
(4.4.6) gives the matrix representation with respect to the \l/-ON basis {X/~, , X± , F+} of (4.3.3). Thus, 
5 has a complex conjugate pair of eigenvalues (A, A), A = a + ib, with m\(Sc) = 2, M\(Sc) = 1- With 
w\ := ui + iv\, W2 = U2 + iv 2 , the basis {wi, W2, w\, w 2 } of C 4 gives the JCF J 2 (A) © -/2(A) of 5c; each 

2 2 — 

element of the basis is null in both C 2 ' 2 = Cg and C ' . Putting U := (w 1 ,w 2 )c, then U = U = C| in 
C 2 ' 2 = Cg, while U © U is a Witt decomposition in C ' . I denote the type by (R^b: -^2(0, b)) (the realized 
JCF being obtained with respect to a null tetrad), but one could also write (C|, J 2 (A)) © J2(A)) (for 
5c)- The Segre characteristic is [22] and this type has no analogue in the Lorentzian case. 
Type Ilia: the decomposition of (4.4) is R 2 < 2 = U x © U 2 , U x = R 1 ' and U 2 S R 1 ' 2 . Ux = 
52,2(^1,^1) = 1 (an instance of (4.4) (i)) and U 2 = (V2, V3, Vi)n, with nonzero scalar products 82.2(^2,^4) — 
— 1 = ^2,2(^3, v 3 ) (an instance of (4.4) (iii)) . The basis {v\, V2, V3, V4} gives the JCF Ji(A) © Js{fj), A, ^ £ R. 
With x := (v 2 — V4)l\[2 and y := (V2 + V4)/V%, {v\,x,vs,y} is a *-ON basis with respect to which 5 has 
matrix representation 

\ 

1 

M 

73 ^ J 

Thus, 5 has two real eigenvalues, with m\(S) 
by (R 1 '°,Ji(A)) Q(R 1 . 2 ,J 3 (/ i )). 
Type Illb: the decomposition of (4.4) is R 2 ' 2 = Ui © U 2 , Ui S R 2 1 and U 2 = R ' 1 . U 2 = (v 4 ), 
s 2 ,2{v4 1 V4) = —1 (an instance of (4.4)(i)) and Ui = (vi, v 2 , U3)r, with nonzero scalar products 52,2(^1)^3) = 
1 = $2, 2{v 2 ,v 2 ) (an instance of (4.4) (iii)) . The basis {v\, v 2 , V3, V4} gives the JCF Js(A) © Ji(/x), A, fi £ R. 
With x := (vi + w 3 )/\/2 and y := (v-4 — Vz)/\/2, {x,v 2 ,y,V4} is a ^-ON basis with respect to which 5 has 
matrix representation 








I 1 

1 








1 

V2 



(which is self-adjoint according to (1.1)). 



(4.5.1) 



1 = M\(S) and m p (5) = 3, M M (5) = 1. I denote the type 



( x 


1 





°\ 


1 


A 


1 







V2 





1 

V2 


A 





V 











(which is self- adjoint according to (1.1)). 



(4.5.2) 
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Thus, S has two real eigenvalues, with m\(S) = 3, M\(S) = 1 and m^(S) = 1 = M^(S). I denote the type 
by (R 2 <\J 3 (A)) Q(R°- 1 ,J 1 (/,)). 

The Segre characteristic for Type III is [13] and this type is the analogue of the Lorentzian type B in 
Kramer et al. (1980), Table 5.1, with a decomposition of the form R 1 ' 3 = R 1 ' 2 © R 0,1 . The coincidence 
A = fi yields Segre characteristic [(13)]. 

Type'lV: the decomposition of (4.4) is R 2 2 = E/i © U 2 © U 3 , E/i = R 1 ' , U 2 = Rg b , U 3 S R ' 1 ; 
£A = (wi)r with S2, 2(^1,^1) = 1 (an instance of (4.4)(i)), U 2 = (v2,v 3 )n, with {v 2 ,ev 3 } (e = ±1) a Witt 
basis for U2 (an instance of (4.4) (ii) , case (1)), U 3 = («4)r, 52,2(^4, ^4) = —1 (an instance of (4.4)(i)). The 
basis {v\, V2, v 3 , V4} gives the JCF Ji(A) ® hin) © Ji{v), with A, fi, v e R, of 5. With 

^2 + ev 3 _ v 2 - evs 

as in (4.3.2), {v±, x, y, 1)4} is a "HZ-ON basis with respect to which S has matrix representation 

(\ 0\ 

fi ] (which is sclf-adoint according to (1.1)). (4.5.4) 

Vo 2 v) 

Thus, 5 has three real eigenvalues, with m\(S) = M\(S) = 1, m^(S) = 2, M^(S) = 1, and m v {S) = 
M v {S) = l. I denote the type by 

(R 1,0 , Ji(A)) © (Rhb; J±2{p)) © (R°'\ ^l(^)) • 

The Segre characteristic is [121] and this type is the analogue of the Lorentzian type 43 in Kramer et al. 
(1980), Table 5.1, with a decomposition of the form R 1 ' 3 = R ' 1 © R 1 ' 1 © R°4 The possible coincidences 
of eigenvalues, with their Segre characteristics, are: A = \i [(12)1]; \x = v [1(21)]; A = v [(1|2|1)] (where the 
vertical lines about 2 indicate it is not included in the coincidence of eigenvalues); and A = /1 = v [(121)]. 
Type V: the decomposition of (4.4) is R 2 2 = Ut © U 2 © U 3 , f/i = R 1 ' , U 2 ^ R 1 ' 1 , U 3 ^ R * 1 ; U x = («i)r 
with 52,2(^1, vi) = 1 (an instance of (4.4)(i)), U 2 = (v 2} v 3 )r, with {^2,^3} a iP-ON basis for U 2 (an instance 
of (4.4)(ii), case (2)), U 3 — (w4)r,S2,2(w4, v 4 ) = —1 (an instance of (4.4)(i)). The <J>-ON basis {v\, v 2 , v 3 , V4} 
gives the realized JCF Ji(A) Ki(a, b) J\{v), with A, a, b, v e R, of S: 

'A 0\ 

a (which is self-adoint according to (1.1)). (4.5.5) 

.0 uj 

Hence, S has two real eigenvalues with m\(S) = M\(S) = 1 = m v {S) = M V {S) and a pair of complex 
conjugate eigenvalues fj, and jl, /1 := a + ib, with m^(Sc) — M^(Sc) = 1. I denote the type by 

(R 1 * , J! (A)) © (R 1 ' 1 ,Xi(a, b)) © (R ' 1 , JM) ■ 

The Segre characteristic is [1111] and this type is the analogue of the Lorentzian type 42 in Kramer et al. 
(1980), Table 5.1, with a decomposition of the form R 1 ' 3 = R * 1 © R 1 ' 1 © R * 1 . The only coincidence of 
eigenvalues that remains within type is: A = v [(1|11|1)]. 

There are three possible decompositions into two summands each of dimension two. As each summand 
is even dimensional and therefore neutral, there is no Lorentzian analogue of these types. 
Type VI: the decomposition of (4.4) is R 2 ' 2 = XJ\ © U 2 , U\ = {vi,v 2 )n = R 2 lb with {v\, ev 2 } a Witt basis 
(e = ±1) (an instance of (4.4)(ii), case (1)) and U 2 = («3,W4)r = R 1 ' 1 with {v 3 , u 4 } a 'I'-ON basis. The basis 
{vi, v 2 , v 3 , V4} gives the realized JCF J2(A) K\{a, b) of S. With 

vi + ev 2 vi - ev 2 

x-.= — — V ^^pr^ (45 - 6) 
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{x,V3,V4,y} is a 'I'-ON basis with respect to which S has matrix representation 

(which is self-adoint according to (1.1)). (4.5.7) 




Hence, S has a real eigenvalue with m\(S) = 2, M\(S) = 1 and a pair of complex conjugate eigenvalues 
fi := a + ib and p, with m M (5*c) = 1 = M^(Sc)- I denote the type by 

(R| b ,J ±2 (A)) Q(R 1 - 1 ,^ 1 (a,6)). 

The Segre characteristic is [211]. 

Type VII: the decomposition of (4.4) is R 2 2 = Ui © U 2 , U\ = {v-l,v 2 )r = R bb with {vi, ev 2 } a Witt basis 
(e = ±1) and U 2 = («3, «4)r = R 2 b with {vz,u!V4} a Witt basis (u> = ±1) (each an instance of (4.4) (ii) , case 
(1)). The basis {vi, v 2 , V3, V4} gives the JCF J 2 (X) ® J 2 (m) of S. The basis {vi, v$, ev 2 , 0JV4} is a Witt basis, 
with respect to which S has matrix representation 



(which is self-adoint according to (1.2)). (4.5.8) 

\0 11) 
With 

Vi + ev 2 vi - ev 2 v 3 + wn 4 v 3 - UV4 

Xi:= ^r~ yi:= ^r~ X2:= —jr- (4 - 5 - 9) 

{xi, x 2 ,y\,y 2 } is a V^-ON basis with respect to which S has matrix representation 

(which is self-adoint according to (1.1)). (4.5.10) 
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e 








M 













A 














n 








-e/2 


\ 










-u/2 


e/2 










V 


lo/2 








Hence, S has two real eigenvalues satisfying m\(S) = 2 = m^S) and M^(S') = 1 = M^(S). I denote the 
type by 

(R 2 b ,J ±2 (A)) Q(Rg b ,J ±2 ( M )). 
The Segre characteristic is [22]. Coincidence of eigenvalues gives [(22)]. 

Type VIII: the decomposition of (4.4) is R 2 2 = Ui Q U 2 , Ui = (vi,u 2 )r = R 1 ' 1 , with {ui,u 2 } a I'-ON 
basis, and U 2 = («3,V4)r = R 1 ' 1 , with {^3,^4} a \P-ON basis (each an instance of (4.4) (ii), case (2)). The 
basis {v\,v 2 , V3, V4} gives the realized JCF K\(a, b) K\(c, d) of 5. The basis {^1,^3, v 2 , V4} is vP-ON and S 
has matrix representation 



a b 0* 

c d 

-b a 

-d c, 



(which is self-adoint according to (1.1)). (4.5.11) 



with respect to it. Hence, 5 has two pairs of complex conjugate eigenvalues A := a + ib, A and \i := c + id, 
fi, satisfying m\(Sc) = 1 = "v(S'c) and M\(Sc) = 1 = M^Sc)- I denote this type by 

(R^S-MM)) Q(R 1 ' 1 ,^ 1 (c,rf)). 

The Segre characteristic is [1111] and the coincidence X — ^i gives [(1111)]. 

Type IX: the decomposition of (4.4) is R 2 ' 2 = U\ © U 2 © U3 © U4, Ui — (vi)n (each an instance of 
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(4.4)(i)), with {v 1 ,v 2 ,v 37 v 4 } a *-0N basis giving the JCF Ji(A) © J x (n) © J x {u) © Ji(cr) of S. Thus, 5 has 
four real eigenvalues, each of algebraic and geometric multiplicity one. I denote the type by 

(R 1 ' , ,h (A)) Q(R 1 -°,J 1 ( M )) Q(R°> 1 ,J 1 ( I /)) Q(R°' 1 ,J 1 (<r)). 

The Segre characteristic is [1111] and this type is the analogue of the Lorentzian type Al of in Kramer et 
al. (1980), Table 5.1, with a decomposition of the form R 1 - 3 = R 1 ' Q R ' 1 Q R ' 1 Q R ' 1 . Coincidences 
of eigenvalues gives: A = fj, [(11)11]; A = f [(1 1 1 1 1) 1] ; A = cr [(1 1 11 1 1)] ; fj, = v [1(11)1]; /x = cr [1(1 1 1 1 1)] ; i/ = cr 
[11(11)]; A = /x and v = a [(11)(11)]; A = v and fi = a [(1|(1|1)|1)]; A = a and fj, = v [ ( 1 1 ( 1 1 ) 1 1 )] ; A = /x = v 
[(111)1]; A = /x = a [(11 11| 1)]; A = v = a [(1 1 1 1 1 1)] ; V i = v = a [1(111)]; A = fj, = v = a [(1111)]. 

In addition to the coincidences within type, there are degenerations from one type to another when 
complex conjugate eigenvalues coincide, i.e., become real: when A = A (b = 0) in type II, [22] degenerates 
to [(22)] in type VII; when it = p in type V, [1111] degenerates to [1(11)1] in type IX; when /j, = p in 
type VI, [211] degenerates to [(1|2|1)] in type IV (with a re-arrangement of basis); when A = A or /x = p in 
type VIII, [1111] degenerates to [(11)11] in type V, (with a re-arrangement of basis); a further coincidence 
of the remaining complex conjugate pair reduces the original form to [(11)(11)] in type IX (without a re- 
arrangement of basis).» 

For each type there is a specific matrix M , say, representing an endomorphism of that type with respect 
to some VP-ON (or Witt) basis, e.g., (4.5.2) for type Illb, and these forms are distinct between types. This 
fact is obvious from the explicit forms given for M in (4.5) and also from the fact that the different forms are 
characterized by different JCFs. Now observe that there is a smooth left action of 0(p,q) on End + (R P ' 9 ) 
given by 

T ^ LTL- 1 = LT*L. (4.6) 

The following result is stated for the purposes of this paper but could be given for End + (R M ). Note 
that End + (R M ) is an R-linear space of dimension n(n + l)/2. 

4.7 Proposition 

The action (4.6) of 0(2,2) on End+(R 2,2 ) is not transitive; each orbit lies within one of the 10 (distinguishing 
Ilia and Illb) types given in (4.5). Fix a type, say Illb. Then its M_ has 2 free parameters, A and /x, so write 
M(A, Suppose the self-adjoint cndomorphisms are represented by matrix representations with respect to 
the standard basis. Write T(A, fx) for that whose standard matrix representation is M(A, fi). Then the orbits 
of the T(A, it) for the different values of (A, it) are distinct and the disjoint union of these orbits comprises 
the subset of type Illb self-adjoint endomorphisms. Let K(X,fi) denote the subgroup of 0(2,2) whose 
elements commute with T(A, /x). Then the orbit containing T(A, /x) is diffcomorphic to 0(2, 2)/K(X, /x) and 
the number of degrees of freedom in type Illb is (6 — dim(.ff(A, //))) + 2. For a generic orbit, K(X,fi) is 
independent of (A, fi). An analogous statement applies to each of the 10 types. One can equally well restate 
this result in terms of the matrix forms each type takes with respect to Witt bases rather than "t-ON bases. 

Proof. Since the elements of an orbit are conjugates, they have the same eigenvalues and algebraic and 
geometric multiplicities. It follows that there is more than one orbit, that the orbits lie within types, and that 
M(A', ft') = LM(X, ^LT 1 iff (A', /x') = (A, (i) since (A, /x) determines the eigenvalue structure of M(A, u)- If 
S and T are two self-adjoint endomorphisms of the same type and with the same parameter values (Ao, /xo), 
say, in M, then there are \&-ON bases {ui, . . . , 7x4} and {v\, . . . , va} such that S and T each have matrix 
representation M(An, /xo) with respect to {txi, . . . , 2x4} and {i>i, ■ • ■ , W4}, respectively. Let L G 0(2, 2) be the 
element such that L(m) = Vi, i = 1, . . . , 4. Then, one easily checks that T = LSL^ 1 . Thus, the orbits are 
as claimed. 

Since 0(2,2) is a Lie group, each orbit is diffeomorphic to the quotient of 0(2,2) by the isotropy 
subgroup of the action on that orbit (e.g., see Warner 1983, 3.62); in particular has a manifold structure. 
Generically, the isotropy subgroup K(X,/j,) is independent of (A, /x) (see details in (4.9) below) but will be 
larger when there are coincidences between the eigenvalues." 
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4.8 Observation 

Consider the mapping \ '■ R(ti) — > R n+1 that maps a matrix M to the vector of coefficients of the characteris- 
tic polynomial det(M — Al). Consider the left action of GL(n;R) on R(n) generalizing (4.6): M i-> LML~ X , 
M e R(n) and i e GL(n; R). Then, \ is constant on the orbits of this action but takes different values on 
different orbits. Hence, \ provides a model of the projection onto the space of orbits; moreover, as \ is a 
continuous mapping to R" +1 , one concludes the orbits are closed subspaces of R(n). 

When the action is restricted to 0(p,q) in GL(p+q) and the closed subspace End+(R P ' 9 ) of End(R p+9 ) 
is viewed, via matrix representation, as a closed subspace of R(n), \ '■ End + (R P ' 9 ) — > RP+9+ 1 is still well 
defined and models the projection onto the space of orbits of the action (4.6) and one still concludes that the 
orbits of the action (4.6) on End + (R P ' 9 ) are closed subspaces. Thus, if m is the number of free parameters 
in the matrix form M of a given type of self-adjoint endomorphism, the subspace of End + (R P ' ? ) consisting 
of those elements of that type consists of a collection of closed subspaces (namely orbits) parametrized by 
R m . For example, for type Illb for (p, q) — (2, 2), the closed orbits are parametrized by R 2 . Recall, however, 
that for a type for which coincidences of eigenvalues can occur, not all orbits have the same dimension. 

In practice, for a given type, I will choose the matrix form M_ of that type with respect to either 
ON or Witt bases, whichever is more convenient, and then determine the subgroup of (the relevant matrix 
representation of ) 0(2,2) that commutes with M. This computation will reveal the degrees of freedom 
in the type and something of the topology of the generic orbit. I will also consider the special cases of 
coincidences of eigenvalues. Note that if T is an orthogonal automorphism commuting with S, and U is S 
invariant, then T\-(U) is also S invariant. Moreover, if u € E\(S), then T(u) e E\(S) and is of the same 
character as u. These simple facts, bearing (4.3.1) in mind, yield expectations as to the form of the relevant 
isotropy subgroups. I won't elaborate these expectations; they will be evident from the explicit form of the 
isotropy subgroups computed below. 

4.9 Observation 

Since the aim is to relate the classification of Ricci tensors to that of Ricci spinors, and the latter is the spinor 
version of the traceless Ricci tensor, for any self-adjoint endomorphism R a b, define := R a b — (tr(i?)/4)l. 
Of course, tr(i?) = R a a = R a bg ab ='■ S and is traceless. The classification of (4.5) induces a classification 
of the codimension-one linear subspace End° (R 2,2 ), of traceless self-adjoint endomorphisms, of End + (R 2 ' 2 ). 
Moreover, the action (4.6) restricts to an action on End+(R 2 ' 2 ) and the obvious analogue of (4.7) is valid. I 
therefore now restrict attention to End^R 2,2 ). Note that R(v) = Xv iff <E>(v) = jj,v, where jj, := A — S/4 and 
that 

det(i? - Al) = dct($ + (5/4)1 - Al) = dct($ - M l), 

i.e., the characteristic equation for R in A equals the characteristic equation for $ in fi, whence the eigenvalue 
H of <& has the same algebraic and geometric multiplicities as the corresponding eigenvalue A of R. 

4.10 Computation of Degrees of Freedom 

Type I: for each self-adjoint endomorphism S of type I, there is a Witt basis with respect to which S has 
matrix representation (4.4.3); tr(5) = is equivalent to A = 0, so for type I, let M denote the matrix of 
(4.4.3) with A = 0, whence M_ itself has no free parameters. One computes that the elements of 0(4;hb) 
(i.e., the matrix representation of 0(4;hb) with respect to any Witt basis) that commute with M_ in this case 
are ±1 only. Thus, type I consists of a single orbit under the action of (4.6) on End°(R 2,2 ), and that orbit is 
diffcomorphic to 0(4; hb)/{±l}. Since ±1 both lie in the identity component, the orbit is six-dimensional 
and has four connected components. 

Type II: for each S of Type II, there is a Witt basis with respect to which S has matrix representation 
(4.4.5); tr(5) = is equivalent to a — (and b ^ is required to remain within type II), so let M(b) denote 
the matrix in (4.4.5) with a = 0, which has one free parameter itself. One computes that the elements 
of 0(4;hb) that commute with M(b) are ±1 only. Thus, type II consists of two (b > and b < 0) one- 
parameter families of orbits under the action of (4.6) on End° (R 2 ' 2 ), and these orbits are diffeomorphic to 
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0(4; hb)/{±l}, whence each orbit is again six-dimensional and has four connected components. 
Type Ilia: for each S of Type Ilia, there is a *-ON basis with respect to which S has matrix representation 
(4.5.1); tr(S) = is equivalent to A + 3fi = 0. Let M(p) denote the matrix in (4.5.1) with A = -3/x. The 
elements of 0(2, 2) that commute with M(a*)' A 1 0, are ±1 and ±Zi, where 



/l \ 
0-10 

0-10 

Vo o o -\) 



(4.10.1) 



Relative to a "J/-ON basis, ±Z\ represents an element of CTj_(2, 2). Thus, the isotropy subgroup K(fi), /j, ^ 0, 
is discrete so there are two (/i ^ 0) one-parameter families of orbits, each of which is six dimensional, but 
has only two connected components. 

The coincidence A = /x yields \i = in the traceless case. If 



Ti(/i) := 



1 



-ft 



h 
2-h 



-ft \ 

ft 2 /2 
1 

h 2/ 2 o 



(4.10.2) 



for h € R, then Ti(0) = 1, and Ti(ft)Ti(fc) =T 1 (h + k), i.e., { Ti(ft) : ft e R } is a subgroup of Q(2,2) ; in 
fact, by (1.5), of SO+(2, 2). The isotropy subgroup K(0) is generated by this subgroup together with the 
elements —1 and Z\. Hence, the orbit for A = fi = also has only two connected components but is only 
five dimensional. 

Type Illb: for each S of Type Illb, there is a Vt-ON basis with respect to which S has matrix representation 
(4.5.2); tr(S) = is equivalent to 3A + fi = 0. Let M(A) denote the matrix in (4.5.2) with fi = -3A. The 
elements of 0(2, 2) that commute with M(A), A ^ 0, arc ±1 and ±i?2, where 



Z 2 
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-1/ 



(4.10.3) 



With respect to a ^P-ON basis ±^2 represents an element of 0+(2, 2). Hence, the isotropy subgroup K(X) 
(A 7^ 0) is discrete and there are two (A ^ 0) one-parameter families of orbits, each of which is six dimensional 
and has two connected components. 

The coincidence A = [i yields A — in the traceless case. If 
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T2(g) 
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2- 3 2 
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V 9 





-9 


1/ 


1 andT 2 (.g)T 2 (ft) = 


--T 2 


{g+h), 


i.e 




: 9 



(4.10.4) 



{ T 2 (g) : g € R} is a subgroup of 0(2, 2), in fact, 



for g e R, thcnT 2 (0) 

by (1.5), of 0^(2, 2). The isotropy subgroup K(0) is generated by this subgroup together with the elements 
— 1 and Z 2 - Hence the orbit for A = also has only two connected components but is only of dimension five. 
The analogy between Ilia and Illb is clear. 

Type IV: for each S of type IV, there is a \P-ON basis with respect to which S has matrix representation 
(4.5.4); tr(S) = is equivalent to -2/j, — A + v. Let M(A, v) denote the matrix in (4.5.4) with -(A + v)/2 
substituted for \i. The elements of 0(2, 2) that commute with generic M (A, v) (i.e., excluding the cases of 
coincidence treated below) are ±1, ±Zi, ±Z 2 and ±Z 3 , where 



Z 3 :-- 



1 0^ 
0-100 

0-10 

>0 I, 



(4.10.5) 
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With respect to a vp-ON basis, Z% represents an element of Ol(2, 2). Thus, the isotropy subgroup is discrete, 
but intersects each component of 0(2,2). Hence, when A + 'iv 7^ 0, 3A + v 7^ 0, and A 7^ v, (the generic 
condition with no coincidences amongst eigenvalues), there are six two-parameter families of orbits, each of 
which is six dimensional and has a single connected component. 

The coincidence n = v is equivalent to A + 3f = under the trace-free condition. With 3A + v 7^ 
and A 7^ v, the isotropy group is now generated by elements with matrix representations Z\, Z 2 , Z 3 and 
H := {T 3 (fc) : k <= R}, where 



2+fc 2 



T 3 (k) 



/I 








-k 2 /2 



k 



k 2 /2 
k 



2-k J 



k 

1/ 



(4.10.6) 



T 3 (0) = 1, T 3 (k)T 3 (h) = T 3 (fc + h), and H is a subgroup of SO+(2, 2). Hence, there are two one-parameter 
families of orbits for this coincidence, each orbit being five dimensional and having a single connected 
component. 

The coincidence A — \i is equivalent, under the trace-free condition, to 3A + v = 0. With A + 3^ 7^ 
and A^y, the isotropy group is generated by Zi, Z2, Z3 and H := {Ti{k) : k e R}, where 
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Vo 
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1/ 



(4.10.7) 



The situation is analogous to that of the previous paragraph. 

The coincidence A = v is equivalent, under the trace-free condition, to A = v = — fi. With 3A - 
and A + 3i> =/= 0, the isotropy subgroup consists of elements with matrix representations of the form 



v ^ 



Tk := 



(a c\ 

±1 

±1 

\b d/ 



6 d 



G 0(2,2) 



(4.10.8) 



and where the sign choices are paired. This one-parameter subgroup contains Z\, Zi and Z 3 . Hence, there 
are again two one-parameter families of orbits, with each orbit five dimensional and with a single connected 
component. 

Finally, the coincidence A = /i = v, under the trace-free condition, is equivalent to A = /i = v = 0. The 
isotropy subgroup consists of elements with matrix representations of the form 



(a 

e 

e 



± 
± 



2+fc 2 - 



2 



±F 



± 



± 



2+e J 



2 

±G 



k 
k 

dj 



(4.10.9a) 



where all the signs choices are correlated and 



L := 



a c 
b d 



€ 0(2,2), and 



a c 
b d 



(4.10.9b) 



For e, and k e R, and L, F and G as in (4.10.9b), with 



T 6 (L,e,k) :-- 



e 



2 

fc 2 -e 2 
2 

-G 



e 2 -fc 2 
2 

2+e 2 -^ 
2 

G 



dj 



(4.10.10a) 
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then T 6 (0,0,0) = 1, and 



T e {L, e, k)T 6 (L, e, k) = T e (LL, ea + kb+ e, ec + kd+k). (4.10.11) 

When L e SO+(l,l), by (1.5) one may confirm that Tq(L, e, k) represents, with respect to 'I'-ON bases, 
elements of SO+(2,2). The elements —Z\, Z 2 and — Z 3 take the form of Tq(L,0, 0) for obvious choices of 
L. The isotropy subgroup is therefore generated by elements of the form Tq{L, e,k) together with — 1. 

Hence, the isotropy subgroup has three parameters and intersects each component of 0(2,2). Thus, for 
the coincidence of all eigenvalues, there is a single orbit, which is connected and of dimension three. 
Type V: for each S of type V, there is a 'I'-ON basis with respect to which S has matrix representation 
(4.5.5); tr(5) = is equivalent to —2a = A + v. Let M(X, v, b), A, v e R and b e R*, denote the matrix in 
(4.5.5) with —(A + v)/2 substituted for a. The elements of 0(2, 2) that commute with (generic) M(A, v, b) 
are ±1, ±Z\, ±Z 2 and ±Z 3 . Thus, generically, there are four (b ^ 0, A ^ v)) three-parameter families of 
orbits, each orbit being 6 dimensional and consisting of a single connected component. 

The only coincidence possible in type V is A = v, which under the trace-free condition is equivalent to 
—a = A = v. The isotropy subgroup K(X, b) consists of elements with matrix representations of the form T$ 
in (4.10.8). Hence, there are two (b ^ 0) two-parameter families of orbits, each orbit being five dimensional 
and consisting of a single connected component. 

Type VI: for each S of type VI, there is a "I'-ON basis with respect to which S has matrix representation 

(4.5.7) ; tr(5) = is equivalent to A + a = 0. Let M(A, 6) denote the matrix in (4.5.7) with a = —A. The 
elements of 0(2, 2) that commute with M(A, b) are ±1 and ±Z 3 . Hence, there are two (b ^ 0) two-parameter 
families of orbits, each orbit of dimension six and with two connected components. 

Type VII: for each S of type VII, there is a Witt basis with respect to which S has matrix representation 

(4.5.8) ; tr(S) = is equivalent to A + fj, = 0. Let M(A) denote the matrix in (4.5.8) with fi = -A. The 
elements of 0(4; hb) that commute with M(A), A ^ 0, arc ±1 and ±Z&, where 



10 
0-100 
10 

,0 -1. 



(4.10.12) 



With respect to the Witt basis, Z4 represents an orthogonal automorphism T, the matrix representation of 
which with respect to the ^>-ON basis (4.5.9) is also Z4, whence is an element of Ol(2, 2). Hence, for A 7^ 0, 
there are two (A 7^ 0) one-parameter families of orbits, each orbit six dimensional and with two connected 
components. 

Coincidence of eigenvalues A = /1 in the trace-free case amounts to A = /j, = 0. In this case, the isotropy 
subgroup consists of elements of the form 

T(A,a):=^ 2 ^ ) , (4.10.13) 

where a € R, J :— ( 1 _ 1 ), and 

"0(2), 6 = lj; 
A e { (4.10.14) 

OjM) , e = -u. 

T(A, a)T(D, d) = T(AD, d + adet(D)) 

whence T(1,0) = 1 and [T(A, a)] -1 = T(A~ 1 , - det(A)a) . Noting that det(T(A,a)) = det(A) det^- 1 ) = 1, 
then the isotropy subgroup is a subgroup of SO(4;hb). Since it contains the element of Ol(2, 2) represented 

by Z4 (by taking A = (0-1) anc ^ a = 0)> tnen it i s n °t a subgroup of the identity component of 0(4;hb). 
Hence, there is a single orbit, of dimension four and with two components. 

Type VIII: for each S of type VIII, there is a *-ON basis with respect to which S has matrix representation 



One computes that 
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(4.5.11); tr(S) = is equivalent to a + c = 0. Note that b ^ 0, d ^ in case VIII. Let M(b,d,a) denote 
the matrix in (4.5.11) with c = —a. The elements of 0(2, 2) that commute with (generic) M_(b, d, a), a^O, 
are ±1 and ±Z 4 . As noted above, the matrix Z4 represents, with respect to a ^>-ON basis, an element of 
Ol (2, 2). Since b, d, and a are each nonzero, there are eight three-parameter families of orbits, each orbit 
of dimension six and with two connected components. 

The eigenvalue coincidence in this case is a = c and b = d, which in the trace-free case imposes a = c = 0. 
The elements of 0(2, 2) that commute with M(b, b, 0) are precisely those of the form 

i "/), (4-10.15) 
i.e., the isotropy subgroup is 

C(2) n 0(2, 2) = GL(2; C) n 0(2, 2) = 0(2; C). 

The group 0(2;C) has two components and is of real dimension two. It is a subgroup of SO(2,2). In 
particular, any element of SO(2;C) can be written in the form ( c °** "cos"/)' ^ or wmcn the corresponding 
form in (4.10.15) has, with z = x + iy, 

^ ( cos x cosh y — sin x cosh y\ f— sin x sinh y — cos x sinh y\ 

y sin x cosh y cos x cosh y J y cos x sinh y — sin x sinh y J ' 

whence SO(2, C) < SO+(2, 2). Elements of ASO(2; C) := 0(2; C) \ SO(2; C) can be written in the form 
for which the corresponding form in (4.10.15) has, with z = x + iy, 



{ cos z 
\ — sin 



— sin z 

z — cos z 



1 cos x cosh y — sin x cosh y \ f — sin x sinh y — cos x sinh y 



— sin x cosh y — cos x cosh yl \— cos x sinh y sin x sinh y 

whence ASO(2,C) C Ol(2, 2). Since b ^ 0, there are two one-parameter families of orbits, each orbit of 
dimension four and with two connected components. 

Type IX: for each S of type IX, there is a \l/-ON basis with respect to which S has matrix representation 

/A 0- 

M(A )/W ):= ° I I ° I . (4.10.16) 
\0 a, 

All descriptions to follow are with respect to this basis. Obviously tr(S') = 0isA + /i + ^ + er = 0. Generically, 
no two eigenvalues are equal, which gives six conditions that partition the hyperplane \ + fi + is + <j = Qm 
R 4 into 12 disconnected regions. Assuming these six inequalities and the trace-free condition, the elements 
of 0(2, 2) that commute with (generic) M(A, /U, v, a) form a discrete subgroup of order 16 generated by -1, 
Ki, K2 and K4. Hence, there are 24 (=4!)three-parameter families of orbits, each orbit of dimension six and 
connected. 

There are six different possibilities of two coincident eigenvalues, which fall into two cases. In the first 
case, let e 2 = f 2 = 1 and ( a b c d ) € 0(2). When A = fi, elements of the isotropy subgroup take the form 

'a c 0' 
b d 
e 
,0 /, 

and when v = a, elements of the isotropy subgroup take the form 

/e 0* 
0/00 

a c 

V0 b d, 
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In the second case, let e 2 = / 2 = 1 and (£ ^) € 0(1, 1). When A = v, elements of the isotropy subgroup 
take the form 

fa c 0\ 

e I 

& d I ' 
\0 // 

when A = a, elements of the isotropy subgroup take the form 

a c\ 
e 
0/0 ' 
b d/ 

when /i = v, elements of the isotropy subgroup take the form 

/e 0\ 

a c 

6 d 1 ' 
\0 // 

when jU = ct, elements of the isotropy subgroup take the form 

/e 0\ 

a c I 

/ ' 
\0 b d/ 

In each case, one has the condition X + ^ + v + a — Q and two coincident eigenvalues, so effectively three 
unequal parameters restricted to a hyperplane in R 3 , i.e., there are six two-parameter families of orbits, each 
orbit of dimension five and connected. 

There are three ways of having exactly two pairs of coincident eigenvalues. When A — \i and v = a, 
elements of the isotropy subgroup take the form s), with A, B e 0(2). With (j^ and ^ in 
0(1, 1), when A = v and /j, = a, elements of the isotropy subgroup take the form 



ai ci \ 
a 2 c 2 I 

&i o di or 

b 2 d 2 / 

while when A = a and fi — v elements of the isotropy subgroup take the form 

/ai ci\ 

a 2 c 2 

6 2 d 2 r 
\&i di/ 

In effect, there are two non-coincident parameters subject to one linear condition; hence, in each case there 
are two one-parameter families of orbits, each orbit being four dimensional and connected. 

There are four cases of exactly three coincident eigenvalues. Let A := (ay) € R(3) and f 2 = 1. When 
A = fi = v, elements of the isotropy subgroup take the form 

/an ai2 ai3 0\ 
a 2 i a 22 a 23 | 

031 »32 a33 I ' 
V // 
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and when A = p = a, elements of the isotropy subgroup take the form 



/«11 


012 





013 
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a 2 i 


«22 
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/ 







Va 3 i 


a 3 2 





033 


/ 



with A e 0(2, 1) in each case. When A = v = a, elements of the isotropy subgroup take the form 
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013 
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a 2 i 





a22 
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032 


O33 



while when p = v = a, elements of the isotropy subgroup take the form 
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012 


013 
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with A e 0(1,2) in both cases. Hence, in each case, there are two one-parameter families of orbits, each 
orbit of dimension three and connected. 

Finally, when all four eigenvalues coincide in the trace-free case, the zero endomorphism results. 



5. Algebraic Classification of the Ricci Spinor 

For any tensor S ab over R 2 < 2 , by PRI (3.3.54) 

Sab = S(AB)(A'B') + ^AB^A'B' + ^ABPA'B' + P^AB^A'B', 

where Xab and Pa'B 1 are symmetric. Then, 5 j is traceless iff p = and S a b is symmetric iff 

^AB^A'B' + tABPA'B' = ^BA^B'A' + ^BA^B'A', 

i.e., Xab^A'B' +£abHa<B' = 0. Hence, for a traceless, symmetric tensor <& ao the spinor form <&aba<b' satisfies 

$ABA>B> = $(AB)(A'B')- (5-1) 

A spinor § a...lm> ...v = &(a...l)(M'...v)i with p unprimed indices, q primed indices, will be called a (p,q)- 
spinor. The expression 

P*(£ A , C M ') : <S>A...LM'...vi A . • . eC M ' ■■■C V \ (5.2) 

defines a polynomial, homogeneous of degrees p and q in £ A and ( A , respectively. The zero locus uj lies on 
RP 1 x RP 1 , which space may be viewed as the quadric surface that is the projective null cone of R 2 ' 2 in 
RP 3 . As usual, it is convenient to complexify, allowing the spinors to come from CS and CS'. Then (5.2) 
defines a zero locus n on CP 1 x CP 1 , viewed as the quadric surface that is the projective null cone of Cg 
in CP 3 . 

If g = 0, say, P$ reduces to a degree p homogeneous polynomial and defines a zero locus on KP 3 . By the 
fundamental theorem of algebra, this zero locus in CP 3 consists of p points (counted with multiplicity) . This 
case (and the alternative p — 0) is the basis of the algebraic classification of the Weyl spinors (PRII, Law 
2006). The generalization to (p, g)-spinors is given in PRII, §8.7, and amounts to classifying the irreducible 
factors of the zero locus of (5.2). If the polynomial F$ factors, P$ = QR say, then each of R and Q must be 
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independently homogeneous in each of £ A and Q M to respect the fact that P$ is. Thus, Q and R determine 
(r, s)-spinors ^a...dm'...r' an d Xe...ls'...v such that 

$ m'. V = ^(M'...fl' s'...V) 
1 i.../. 1 i...r> \ /•..../. ■ • 

Now restrict attention to real (2,2)-spinors, i.e., (5.1). Their algebraic classification is based on the possible 
(r, s)-spinors into which <&aba>b> can factor. Note that while &aba'B' is itself real, its factors need not be, 
but if complex must occur as complex conjugate pairs. Table One lists the possibilities for <&abA'B' for R 2,2 . 



Table 1 



k_7 l / JL JL < L V / IV » J. 1 Z_l < I L 1 V J 1 1 


"N" of* a "Hon 


DF 


^ ABA' B 1 


(2,2) 
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q,( A ' T B') 


(2 TlCfl 1 s ! 
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^(A' T B') 


Cl 1V1 T) 


7 


, r (A'pB') 
±J - (A 1 B) 


(1, 1)(1, 1) 


7 




(1,0)(1,1)(0,1) 


6 


* (a s b) a^'t b ') 


(1,0)(1,0)(0,1)(0,1) 


5 


r (A f B) A^'T B ') 


(1,0)(1,0)(0,1)(0,1) 


5 


* (A s B) ~(^') 


(1,0)(1,0)(0,1)(0,1) 


5 


±r ( ^f B) s^'H B ') 


(1,0)(1,0)(0,1)(0,1) 


5 


±r (A f B) T A 'T B ' 


(1,0)(1,0)(0,1) 2 


4 




(1,0) 2 (0,1)(0,1) 


4 


* (A S B) T^'T B ' 


(1,0)(1,0)(0,1) 2 


4 


*a* b a( a 't b ') 


(1,0) 2 (0,1)(0,1) 


4 


(j4 w b) 


(M) 2 


4 




(1,0) 2 (0,1) 2 


3 



The first column lists the spinor form of the factorization; the second column the notation, adapted 
from PRII, that I will employ to descri be th at form, viz., denoting an (r, s)-spinor by (r, s) and a complex 
conjugate pair of (r, s)-spinors by (r,s)(r,s); the third column lists the degrees of freedom in the specified 
form. The kernel symbols E, A, and T here all denote real spinors (of varying rank) while T and S here 
denote nontrivially complex spinors (of varying rank). 

In Figures One and Two on the next page, the specializations that are possible from one factorization 
to another are diagrammed. To obtain the correct global topology in a single diagram, the two figures 
must be glued together by identifying the labels that occur in both figures (which, for convenience, occur 
in bold type). The degrees of freedom are listed on the far left and apply to all types at that horizontal 
level. In Figure One, the implication arrows do not denote specialization; rather, they indicate that the form 
(2,0)(0,1)(0, 1), say, is actually one of two possibilities, either (1, 0)(1, 0)(0, 1)(0, 1) or (1, 0)(1, 0)(0, 1)(0, 1), 
according as the (2, 0)-spinor factors into real (1, 0)-spinors or a complex conjugate pair; either way the 
factorization is immediate, not a further specialization. 
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Figure 1 



(2,2) 

v/ \ 

(2,1)(0,1) (1,0)(1,2) 

1 \ Si 

I (1,0)(1,1)(0,1) I 

(1,0)(M)(0,1)(0,1) 4= (2,0)(0,1)(0,1) => (1,0)(1,0)(0,1)(0,1) <*= (1,0)(1,0)(0,2) (1,0)(1,0)(0,1)(M) 

(l,0)(To)(0,l) 2 (1,0)(1,0)(0,1) 2 (1,0) 2 (0,1)(0,1) (1,0) 2 (0,1)(0^) 

1 \ v/ i 



Figure 2 

(2,2) 

^ \ 

(M)(M) (M)(M) 
^ \ S \ 

(1,0)(1,1)(0,1) I \ 

I (i,o)(i^)(o,i)(oo) 

1 v/ 



(1,1) 2 (1,0)(1,0)(0,1) 2 (1,0) 2 (0,1)(0,1) 
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This diagram is somewhat more complicated than the analogue in the case of R 1 ' 3 ; see PRII, Table 
(8.3.3) and PRII (8.8.1) for the analogue of Table One. As noted in PRII, p. 277, this classification of Ricci 
spinor types based on factorization into (r, s)-spinors (reducibility) , is coarser than the classification of the 
corresponding traceless self-adjoint cndomorphisms described in §4. Relating the classification of §4 to that 
of §5 is of obvious interest, but will also help refine the classification of <&abA' b 1 to a comparable degree as 
that of §4. As Penrose has shown, e.g., PRII §8.8, this refinement involves the algebraic geometry of the zero 
locus defined by (5.2); in particular, null eigenvectors of $ a f, define points on the zero locus of (5.2) and the 
behaviour of the zero locus at these points is related to the classification of §4. 



6. Relating the Classifications 

For traceless self-adjoint endomorphisms I obtained in §4 (see also Table Two below) 10 types 
(counting Ilia and Illb as distinct) and various cases of coincidence of eigenvalues; each of these distinct 
cases will hereafter be called subtypes. For each type, there is fixed matrix form that represents elements of 
End^R 2,2 ) of that type with respect to some Vt-ON or Witt basis. This form and the associated basis can 
also be used to describe the subtypes within a type. In this section, I take, for each type, the fixed matrix 
form $ a b, say, use the relevant scalar product to convert this to a fully covariant form, and contract over 
the dual basis to obtain the tensor form <J> a f,. By using (3.48-50) for the appropriate kind of basis (^-ON or 
Witt), one can express the resulting object in terms of spinors and obtain first <&aba'B' and then the Ricci 
polynomial (5.2). In this way, the reducibility of <&aba'b> will be obtained. 

When the Ricci spinor is reducible, the Ricci locus SI, defined by the vanishing of the Ricci polynomial 
P$ on CP 1 x CP 1 , has multiple components, the intersections of which are singular points of the Ricci locus, 
leading to the expectation that the Ricci spinor type is related to the nature of the singularities of the Ricci 
locus. Of course, singularities may also arise from self intersections. The Lorentzian case is presented in 
PRII §§8.7-8.8. Suppose Q = [i A n A lies on the Ricci locus SI. Choosing spin frames {[i A , v A } and {i] A , 9 A } 
for CS and CS", respectively, write 

£ A = Xu, A + Yv A C A ' =U V A ' +V9 A '. (6.1) 

Introducing affine coordinates y := Y/X and v := V/U, then Q — (0,0) and 

f(y,v) := P*(l,y,l,v), (6.2) 

is an affine description of the Ricci polynomial whose zero locus coincides with SI on a neighbourhood of 
X = (0, 0). For any line L, y — <rt, v — rt, passing through (0, 0), the intersections of L and SI (near (0, 0)) 
are given by 

= F(t):= f(ot,Tt) (6.3) 

= {fyO + f v T)t + \{] y y + 2f yv OT + f vv T*)t> + ■ ■ ■ + 1 (") ^4^"-^) *" + - ■ 

where all partial derivatives are evaluated at (0,0). The point Q = (0,0) on SI is nonsingular iff (f y ,f v ) ^ 
(0,0), in which case the tangent at Q is given, in this affine picture, by the the unique line through (0,0) 
with at least second-order contact with / H ({0}), i.e., such that F'(0) = (with F"(0) ^ for precisely 
second-order contact), i.e., the line L solving 

F'(0) = f y <T + f y T = 0. (6.4) 

On the other hand, Q is singular iff (f y , f v ) = (0, 0). In general, if all partial derivatives of / at (0, 0) 
up to and including order n — 1, but not all n'th order partial derivatives, are zero, then (0,0) is called a 
singular point of order n (or n-fold singularity). In this case, all lines through (0,0) have at least n'th-order 
contact with SI at (0, 0), i.e., F(0) = F'(0) = ■■■ = ^""^(O) = 0, while the lines L satisfying 

^(OHgCO 1^^^ = ^ (6-5) 
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are called tangents to SI at (0, 0) and have at least (n + l)'th order contact with SI at (0, 0). 

In particular, when Q is singular but (f yy , f yv , f vv ) ^ (0,0,0), Q is called a double point. The lines L 
solving 

*"'(0) = fyy* 2 + VyvOT + f vv T 2 = 0, (6.6) 

are the tangents to SI at Q and have at least third-order contact with SI at Q. A double point is called a 
node if there are two distinct such tangents. Note that if Q is a real point of Q, i.e., lies on uj, then the 
tangents are either real, or complex conjugate and Q is an isolated point of lo. When (6.6) has a repeated 
root (necessarily real for the Ricci polynomial as it is real), i.e., the two tangents coincide, the double point 
is called a cusp. If the tangent to a cusp has at least fourth-order contact, i.e., solves (6.5) for n = 3, then 
X is called a tacnode. See Walker (1962) for further details. 



6.7 Lemma 

Q is an n-fold singularity of SI, iff all the (n— l)'st, but not all the n'th, order partial derivatives of P$ vanish 
at Q. 

Proof. A straightforward adaptation of Walker (1962), Theorem 2.4, p. 55. One uses the definition of 
/ in terms of Pj> and Euler equations for Pj> and its derivatives: 

analogous equations for derivatives with respect to ( A and similar equations for higher order partial deriva- 
tives, each evaluated at X = (0, 0), to relate the partial derivatives of / at (0, 0) and those of P$ at X.m 



This result is useful, but also ensures that the nature of singularities is geometrical, being independent 
of the choice of affine representation and the choice of homogeneous coordinates. Since Pj> is homogeneous 
of degree two in each of £ A and ( A , (6.7) also indicates the orders of singularities expected since partial 
derivatives of order three or more in either £ A or ( A vanish automatically. Note that the space on which the 
Ricci polynomial is defined is a product of projective spaces; its 'homogeneous coordinates are of the form 
([X,Y],[U,V]). 

From (6.7), the condition for a singular point Q on SI can be written 

(fP) lq=^' = \q=^' = 0, (6-9) 

i.e., 

= (|P) lQ=^' = ^ABA.B^ B V A 'v B ' = (|p) | Q= ^ = 2<1>ABA>B'U A H B V B '. (6.10) 

By two applications of PRI (3.5.16), (6.10) implies 

^A<3A> — ®ABA>B'H V =1AVA', 

for some 7^4 and o a 1 , whence, by PRI (3.5.2), 

^aba'B'^ B v B ' = XVava>, (6.11) 

for some \, i- e -j ^ A v A is a null eigenvector of As (6.11) implies (6.10), it follows that singular points 
of SI, correspond to null eigenvectors of <I>V This fact ensures the algebraic geometry of S\ is indeed relevant 
to the classification. From §4, one observes that generic null eigenvectors (null in C 2,2 = Cg = C(R 2,2 )) 
occur only when m > 1 and M < m for the eigenvalue. Additionally, when two distinct eigenvalues with 
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eigenvectors of opposite character in the generic situation come into coincidence, the resulting eigenspace 
must contain null vectors. 

From (6.10), e.g., by applying PRI (3.5.27), one deduces 



for some a and 8. As 



§ABA<B'V A ' v B ' = CXHaUb, 



(6.12) 



d 2 p$ 



\Q= t i A v / 



\Q= l i A v / 



2<$> A BA>B>V A 'v B ' 



^ABA'B'^V 3 ' 



= 2ap A ^B 

^XHAVA* 



.13) 



one computes that /„ 



d( A 'dC, B ' 
2a, f yv = 4x, and /., 



Q=^a v a> = 2<^ABA'B'[i A [i B = 2j3vA'VB', 



— 2/3, whence the discriminant of (6.6) is 
A X 2 - a/3. 



(6.14) 



Hence, the nature of a double point can be determined from the purely algebraic equations in (6.13) via 
(6.14). 

Now, assuming $ a {, admits a null eigenvector p A v A with eigenvalue x, by (4.1) (ii) the eigenvectors of 
a distinct eigenvalue must lie in {p A v A ) ± = {p A v A ,p A a A ,p A v A )c (within C 2,2 ), where p A pA — 1, and 
a A va< = 1- As W := {[i A v A )c is ( f >a h invariant, since $ a h is self-adjoint, W 1 - is invariant too. Hence, using 
(6.13), one computes that, with respect to the null tetrad {pL A v A ,p A v A ,p A <r A p A a A }, $ a fc has matrix 
representation 

'X f a e 
-x -e -8 

oo x o 

.0 -a -f -x> 



for some a, e and /, for which the eigenvalue equation is (x 



! [(x- 



a8] = 0. Hence, in addition to 



X itself (which is of algebraic multiplicity at least two, as noted previously), the other eigenvalues are 

K = -x±\fa~8- (6.15) 

One sees that these eigenvalues are in fact distinct to x iff 4x 2 ^ a(3, i.e., by (6.14), iff the null eigenvector 
p A v A does not define a cusp (or higher singularity) on fi. Conversely, a cusp (or higher order singularity) 
requires that x> the eigenvalue of the null eigenvector at which the singularity occurs, must have algebraic 
multiplicity at least three. 

The preceding results provide some information on the relation between singularities and their nature 
and the eigenvalue and eigenvector structure of $ a b. I now turn to explicit descriptions of each (sub)type. 
The following observation will be useful. 



6.16 Observation 

For a given type of (traceless) self-adjoint endomorphism $ a ^, one particular example has the standard 
matrix representation of that type with respect to the standard \P-ON (or Witt) basis. All others in that 
type have the same matrix representation with respect to another 'J'-ON (or Witt) basis. When recasting 
as Q aba' B' by substituting null tetrads, one must bear in mind the different relationships between null 
tetrads and ^P-ON (and Witt) bases, depending on which coset of SO+(2,2) L belongs to, where L maps 
the standard ^P-ON (or Witt) basis to the basis in question. These relationships were given in (3.56), (3.60), 
and (3.64). Here I elaborate their consequences for the form of the Ricci polynomial. If a VP-ON basis is the 
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image of the standard basis by L € 0(2, 2), then of course the Witt basis associated to the former is the 
image of the standard Witt basis by L. If a *-ON basis is the image of the standard basis by an element of 
SO+(2, 2), then the associated Witt basis {Ei,E 2 ,E 3 ,E 4 } is such that {Ei, E 2 , E 3 , -E 4 } is a null tetrad 
(with spin frames related to the standard spin frames by an element of SL(2; R) x SL(2; R)). 

Suppose {U a , V a , X a , Y a } is a *-ON basis that is the image of the standard basis by an element L of 
Ol(2, 2) (I must rely on context to prevent confusion of the notation for the elements U a , V a , X a , and Y a 
of a ^/-ON basis with that for homogeneous coordinates ([X, y], [U, V]) for CP 1 x CP 1 ); then the associated 
Witt basis {Pi, P2, P3, P4} is such that {E 3 , — E4, E\, E 2 } is a null tetrad (with spin frames related to the 
standard spin frames by the composition of an element of SL(2; R) x SL(2; R) with o A -H- i A and o A <H- l a ). 
Hence, if &aba' b 1 corresponds to the $ a b that has the type's form as matrix representation with respect to 
the standard \&-ON or Witt basis, as appropriate, to obtain the form of &aba>B' corresponding to the <fr a b 
that has the type's form as matrix representation with respect to either {U a , V a , X a , Y a } or {Pi, E 2 , E 3 , E4}, 
as appropriate, one can apply the transformation o A o l a and o A «-» l a to <&aba' b 1 (and drop the checks 
over the elements of the standard spin frames). 

With 

£ a = Xo a + Yl a C A ' = Uo A ' +Vi A ', (6.16.1)) 

the Ricci polynomial is P$ (X, Y, U, V ) = &aba'B'£, A £ b C A ( B ■ To obtain the Ricci polynomial of the 
aba' B' of the previous paragraph from that of ^aba'B', note that (6.16.1) is left unchanged, whence 
£ a oa = y in $p is replaced by £, a ia = —X, (, a la = —X is replaced by £ a oa = Y, ( A oa> = V is replaced 
by ( A la> = —U and ( A la' = —U is replaced by ( A oa 1 = V, i.e., one obtains P$ from P$ by 

Y «■ -X v -U. (6.16.2) 

Suppose now L e Olj.(2,2); then {E\, — E4, E 3 , E 2 } is a null tetrad (with spin frames related to the 
standard spin frames by the composition of an element of SL(2; R) x SL(2; R) with o A o o A and l a ^ l a ). 
By the same reasoning as in the previous case, one can obtain the Ricci polynomial in this case by making 
the substitutions 

Y <-> V X U, (6.16.3) 

in P$. 

Similarly, if L £ Oj"(2,2), then {E 3 , E 2 , E\, — E4} is a null tetrad (with spin frames related to the 
standard spin frames by the composition of an element of SL(2; R) x SL(2; R) with o A i A and l a «-» o A ). 
One can obtain the Ricci polynomial in this case by making the substitutions 

Y -H- —U X <-> -V, (6.16.4) 

in P$. 

It will prove convenient, in the following, to refer to Vt-ON (Witt) bases that are the image of the 
standard (Witt) basis by an element I in a given component of 0(2,2) as being of the O-type of that 
component, e.g., if L £ Ol(2, 2), I shall say the basis is of O-type OZ- Since the different Ricci polynomials 
that occur for endomorphisms of a given (sub)type vary only with the O-type of the basis with respect 
to which the endomorphism has the standard matrix form of the (sub)type, and these different forms are 
obtained from each other by (simple linear) changes of homogeneous coordinates, all Ricci polynomials of a 
given(sub)type have, geometrically, the same singularity structure. It will therefore suffice to consider the 
form of the Ricci polynomial that occurs for those endomorphisms of the (sub)type that take the (sub)type's 
standard matrix form with respect to bases of O-type O^. 

6.17 Type I 

For each traceless, self-adjoint endomorphism $ a h of type I, there is a Witt basis {E\, E 2 , E3, £4} with 
respect to which $ a f, has matrix representation (4.4.3) with A = 0. One readily computes that 

$ ah = eE%E b 2 + 2E? 1 E\ ) . (6.17.1) 
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From (4.10), the isotropy subgroup is {±1}, so there are distinct elements of type I for each component of 
0(2,2). For those with matrix representation (4.4.3) (A = 0) with respect to Witt bases of O-type O^, 

^ ABA' B' = tl-AlAOA'OB' - A B (oa'LB' + lA'OB'), (6.17.2) 

and 

P$(X,Y,U,V) = eX 2 V 2 + 2UVY 2 . (6.17.3) 
Hence, the possible Ricci polynomials are, by O-type of the associated Witt basis: 

!(eX 2 V + 2UY 2 )V, 0+; 
(eY 2 U + 2VX 2 )U 1 Ol; , . 

(eU 2 Y + 2XV 2 )Y, +1 (bA7A) 
(eV 2 X + 2YU 2 )X, 0+. 

Observe that &aba<B' is of Ricci spinor type (2, 1)(0, 1), for Witt bases of O-type SO, and of type (1, 0)(1, 2), 
for Witt bases of O-type ASO. For the form (6.17.2), [i A v A — o A o A is a null eigenvector (with zero 
eigenvalue) and one computes, from (6.13) that a = and (3 — e. Hence, the null eigenvector is a double 
(but not triple) point and a cusp. Note that, as expected, the zero eigenvalue has algebraic multiplicity at 
least three. Explicitly, introducing afhne coordinates y := Y/X and v := V/U, the singularity occurs at 
(0,0). The afhne description of the Ricci locus near (0,0) is the zero set of 

f(y,v) = (ev + 2y 2 )v. 

In this case (6.3) is 

= F(t) = f(at, Tt) = T 2 et 2 + 2a 2 ret 3 , 

and (0,0) is clearly a double point. The tangents are given by r = and coincide, and moreover they 
make the coefficient of t 3 vanish, so the j/-axis is the tangent at (0, 0) and has contact of order at least four, 
i.e., (0,0) is a tacnode. In fact, the y-axis is a linear component of the Ricci locus in this afhne picture, 
tangent at (0, 0) to a quadratic component; these components correspond to the (0, 1) and (2, 1) factors of 
the (2, 1)(0, 1) -factorization of the Ricci polynomial. 

Analogous descriptions and results are obtained for the Ricci polynomials valid for Witt bases of the 
other O-types, which are listed in (6.17.4), because, as noted in (6.16), they differ from each other only by 
(simple linear) changes of homogeneous coordinates. I will not reiterate this point. 



6.18 Type II 

For each traceless, self-adjoint endomorphism $ a b of type II, there is a Witt basis {E\, E2, E3, E4} with 
respect to which $°b has matrix representation (4.4.5) with a = 0. One readily computes 

$ ab = E a E b _ E a E b + 2fo (^( a ^) _ E ^ E b ))_ (6.18.1) 

From (4.10), the isotropy subgroup is {±1}, so there are distinct elements of type II for each component 
of 0(2,2). For those with matrix representation (4.4.5) (with A = 0) with respect to Witt bases of O-type 

o+ 

®ABA>B> = (oaob - lalb)oa'0 B ' - b(°AOB + iaLb){o a > tB' + ia>o b >), (6.18.2) 
with Ricci polynomial 

P$(X,Y,V,W) = [X 2 (2bU — V) + Y 2 (2bU + V)]V. (6.18.3) 
Hence, the possible Ricci polynomials are, by O-type of the associated Witt basis: 

[X 2 (2bU — V) + Y 2 (2bU + V)]V, 0+; 

[Y 2 (2bV-U) + X 2 (2bU + V)]U, Ol; , > 

[U 2 (2bX -Y) + V 2 (2bX + Y)]Y, O^; 

[V 2 (2bY-X) + U 2 (2bY + X)]X, 0+. 
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Observe that &aba>b> is of Ricci spinor type (2, 1)(0, 1), for Witt bases of O-type SO or of type (1, 0)(1, 2), 
for Witt bases of O-type ASO. 

Now $ a b has complex null eigenvector w a = Ef + iE%, which for bases of O-type takes the form 

w a = El + iE% = (o A + u A )o A ' =: \i A v A ' , (6.18.3) 

and its conjugate. From (6.13), one readily computes for w a : 

X = ib a = = -2. (6.18.4) 

Thus, 4% 2 — a(3 = —Ab 2 < 0, i.e., the complex null eigenvector w is a node. Similarly for w. Explicitly, 
with the definitions (6.16.1), the eigenvectors have homogeneous coordinates ({X, Y], [U, V}) = ([1, ±i], [1, 0]). 
Taking affine coordinates y :=Y/X and v := V/U, the eigenvectors have coordinates (±i, 0). Consider then 
the lines given by y = ±i + at and v = rt. Then, in place of (6.3), one obtains 

F(t) = t[2(-t ± 2iba)t 2 + 2a{ba ± ir)t 3 + a 2 rt% 

and 

F(0) = = F'(0), F"(0) = Ar{-T±2iba) 1 F"'(0) = l2aT{ba±ir) F (i \0) = 2Aa 2 r 2 . 

Hence, the complex null eigenvectors w and w are nodes, with tangents satisfying r = and r = ^2iba 
(signs respectively) . The former is the y-axis and is tangent to both complex null eigenvectors and moreover 
makes F"'(0) = F^ 4 '(0) vanish. Indeed, the y-axis corresponds in this affine picture to the linear factor in 
the Ricci polynomial, which defines a linear component of the Ricci locus that is tangent to both nodes. 
Being a component of the locus, it has infinite order of contact with the locus. 



6.19 Types Ilia and Illb 

For each generic traceless, self-adjoint endomorphism of type Ilia, there is a ^>-ON basis 
{U a ,V a ,X a ,Y a } with respect to which $ a b has matrix representation (4.5.1) with A = — 3/i ^ 0. One 
readily computes 

$ ah = -n{3U a U h - V a V b + X a X b + Y a Y h ) - V2(V {a X b '> + X < a Y~ b '), (6.19.1) 

From (4.10), the isotropy subgroup is discrete but intersects 0^_(2, 2). For those $°t with matrix represen- 
tation (4.5.1) (A = -3/i 7^ 0) with respect to *-ON bases of O-type 0|, 

^ ABA' B' = -fi[2o A B OA'OB' + 2l A L B L A tl B i + (OAL-B + L A Ob){o A 'LB' + LA'OB')] 

\= [{o A L B + L A B )0 A ,0 B ' - L A L B {o A ,L B , + l A '0 B ')] , (6.19.2) 

V 2 

with Ricci polynomial 

P*(X, Y, U, V) = -2fi(YV + XU) 2 - V2X(XU - YV)V. (6.19.3) 
Hence, the possible Ricci polynomials are, by O-type of the associated \l/-ON basis: 

!-2fi(YV + XU) 2 -V2X(XU-YV)V, 0+; 

-2^XU + YV) 2 -V2Y(YV-XU)U, Ol; , g ig 

-2^(VY + XU) 2 -V2Y(XU-YV)U, +1 { ' 

-2[i(UX + YV) 2 - V2X(YV - XU)V, 0+. 

Recall that Z\ (4.10.1) defines an element of 0^_(2, 2) in the isotropy subgroup of type Ilia. In particular, 
(6.19.1) is invariant under this transformation. I use this case to explicate the significance of the isotropy 
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subgroup for the algebraic geometry. A generic that has the matrix representation (4.5.1) (with A = 
— 3(i 7^ 0) with respect to some ^P-ON basis F of O-type O^. also has the same matrix representation with 
respect to the ^-ON basis of O-type that is related to F by Z\, and thus the distinct generic $ a b of 
type Ilia are given by taking the matrix form (4.5.1) (with A = —3[i ^ 0) with respect to bases of O-type 
O+IIO+ =: 0+. For a given although its expression (6.19.1) is invariant with respect to the nontrivial 
element of the isotropy subgroup, the spinor forms are not, due to the different relationships between Witt 
bases of different O-types and null tetrads, summarized in (6.16); consequently the Ricci polynomials are 
not identical, though they are equivalent as regards their geometrical content. In any event, observe that 
the Ricci spinor type is (2, 2) (fi^=0). 

For (6.19.1), the only null eigenvector is V a + Y a (with eigenvalue fi), which for (6.19.2) is rh a . By 
(6.13), 

X = /i a = -2fj, P = -2fj,, 

whence 4% 2 — a(3 — 0, i.e., the real null eigenvector defines a cusp. Explicitly, the homogeneous coordinates 
for rh a are ([0, 1], [1, 0]) so take afhnc coordinates x := X/Y and v := V/U. The afhne version of (6.19.3) is 
f(x 7 v) = —2^{v + x) 2 — \[2x{x — v)v and (6.3) is 

F(t) = -2/j,(t + aft 2 - V2ar(a - r)t 3 , 

whence 

F(0) = = F'(0) F"(0) = -4 M (t + ( j) 2 F"'(0) = -6V2ar(a - r), 

i.e., (0, 0) has two coincident tangents (given by a = — r), making (0, 0) a cusp (but not a tacnode as a = — r 
does not make F"'(0) vanish). 

When /i = 0, P$ reduces to Ricci spinor type (1, 0)(1, 1)(0, 1); in the affine picture of the previous 
paragraph, f(x,v) — — \[2x{x — v)v, i.e., consists of three distinct lines through (0,0), i.e., the Ricci locus 
consists of three components, which intersect at the real null eigenvector, making it a triple point. The 
coincidence A = fi creates no new null eigenvectors. 

Type Illb is completely analogous. I just record forms specific to the type. For each generic traceless, 
self-adjoint endomorphism <I> & of type Illb, there is a VP-ON basis {U a ,V a , X a ,Y a } with respect to which 
<J> a 6 has matrix representation (4.5.2) with \i = — 3A and A ^ 0. One readily computes that 

$ ab = X^Jjajjb + yayb _ ja + iY a Y b ) + ^^(ayb) + V (a. X V), (6.19.5) 

and, for <f-ON bases of O-type 0+, 

^ ABA' B' = X[2laLbOA'Ob' + 2oAOBlA'tB> + (oa^B + I^AOb){oA'^B' + 1>A'Ob>)\ 

+ [(OAlB + IA0b)0A'0 B ' - A 0b{0A'LB> + LA'OB')] (6.19.6) 

v2 



The Ricci polynomials are 



' 2X(XV + UYf + V2Y(YU - XV)V, 0+; 

2X(YU + VX) 2 + y/2X(XV - YU)U, OZ; (6 19 7) 

2X(YU + VX) 2 + V2Y(VX - YU)V 7 O^; 

> 2X(XV + UY) 2 + V2X{YU - XV)U, 0+. 



6.20 Type IV 

For each generic traceless, self-adjoint endomorphism of type IV, there is a VP-ON basis {U a , V a , X a , Y a } 
with respect to which $°(, has matrix representation (4.5.4) with A + 2/i + v = but with no coincidences 
amongst A, /j,, and v. There is a real null eigenvector, with eigenvalue fi, but the matrix (4.5.4) and its 
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x+v 





X — v 
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2 





M 





X-v 





X+v 


2 


2 












associated \]/-0N basis is not well adapted to describing the singularity at this null eigenvector. Instead, 
consider the basis {v\, V2, Vs, V4} that gives the JCF Ji(A) © </2(m) © Ji{ v )- Putting 

Ei:= vi+V4 E2 ._ =v2 E3 . = Hl_^± E4 = eV37 (6.20.1) 
v 2 v 2 

gives a Witt basis, with respect to which S a b has matrix representation 

(6.20.2) 



Hence, with respect to this Witt basis, a generic traceless, self-adjoint endomorphism $ a f, of type IV has 
matrix representation 

^ \ 

n X+v n 

(6.20.3) 



One readily computes 

$ ah = {^^j ( E 1 E 1 + E 3 E t) + (~^~) C 2 ^^ - ^2^)) + <^ E 2 E 2- (6.20.4) 

From (4.10), the isotropy subgroup is discrete but intersects each component of 0(2,2), so it suffices to 
consider Witt bases of O-typc to describe the distinct <E>°b. One obtains 

®ABA'B< = ^ — ^ — ^ [OAOBOA'OB' + lAlBlA'lB']+ ^ ^ ^ [(OAlB + LAOb) (oa> IB' + LA'OB' )] + tlAlBOA'OB' , 

(6.20.5) 

and hence 

p$(x,y,?7,F) = f^— ^Vy 2 y 2 + x 2 c/ 2 ) + (A + z/)[2xrc/T/] + eX 2 T/ 2 , (6.20.6) 
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which has Ricci spinor type (2, 2) in the generic case. 

The real null eigenvector is v 2 = E% = fh a = l a o a . From (6.13), one computes 

X = v a =^L=p, (6.20.7) 



whence 



4 X 2 - aP = 3A2 + 10A - + 3 - 2 = ^ + ^ + ^. (6.20.8) 



The numerator on the rhs vanishes for 

A = -3^(^ H = v) and v = -3A( & pt = A). (6.20.9) 

Thus, for the generic case of Type IV, the real null eigenvector is a node, with two real/complex tangents 
according as (3A + v{\ + 3u) ^ 0. For the coincidences of eigenvalues indicated in (6.20.9), the double point 
is at least a cusp. 

Explicitly, the singularity has homogeneous coordinates ([0, 1], [1,0]), so choose afhne coordinates x = 
X/Y and v = V/U. Then, 

f(x,v) = ^(v 2 + Axv + x 2 ) - ^(v 2 - Axv + x 2 ) + ex 2 v 2 , 
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and (6.3) is 



F(t) = - [4(A + v)gt + (A - V ){o 2 + t 2 )] t 2 + 6<7 2 T 2 t\ 



Hence, 

= F(0) =F'(0) = F"'(0), 



F"(0) = 4(A + v)ut + (A - v)(o 2 + t 2 ), 



F^(0) = 24ea 2 T 2 . 



Thus, (0, 0) is a double point, its nature determined by the discrimninant of the expression for F"(0) regarded 
as a quadratic in r/cr. This discriminat is 

4(A + vf - (A - v) 2 = 3A 2 + W\is + iv 2 , 

which confirms the result above. 

Now consider coincidences of eigenvalues. Suppose A = ( <^=> v = — 3A). Substituting v = — 3A in the 
above computations, by (6.20.9), the singularity at the real null eigenvector is at least a cusp; since F"'(0) 
is identically zero, technically, the cusp is a tacnode. The Ricci polynomial is 



P* = 2\(YV - XU) 2 + eX 2 V 2 

^2X(YV - XU) - iXv] \V2X(YV - XU) + iXV 
^2\(YV - XU) - XV] \V2X(YV - XU) + XV 



(6.20.10) 



e = l; 

e = -l; 



i.e., the Ricci spinor type is (1, 1)(1, 1) if e = 1 and (1, 1)(1, 1) if e = —1. 

The coincidnce v = [i ( A = — 'iv) is analogous to the previous case. The double point is again a 
tacnode, and the Ricci polynomial is 



P$ = -2v{YV + XU) 2 + eX 2 V 2 

f [XV - V2^(YV + XU)] [XV + s/2D{YV + J 
~\ - [XV - iV2^(YV + XU)] [XV + is/2D(YV 



(6.20.11) 



+ XU)], 
+ XU) 



1; 



-i; 



i.e., the Ricci spinor type is (1, 1) (1, 1) if e = — 1 and (1, 1) (1, 1) if e = 1. One easily checks that is 
a point of intersection of the components of the Ricci locus determined by two quadratic factors of the 
Ricci polynomial in each case of (6.20.10-11). Neither this, nor the previous, coincidence creates new null 
eigenvectors. 

For the coincidence A = v, the Ricci polynomial is 



P$ = X(4XYU + eXV)V, 



.20.12) 



i.e., of Ricci spinor type (1, 0)(1, 1)(0, 1). As A = v, 3A 2 + 10A^ + 3^ 2 = 16A 2 > 0, so E% is a node with real 
tangents. From the affine description above, the tangents are given by a — and r = 0, i.e., the tangents 
are determined by the linear factors of the Ricci polynomial, i.e., E% is the point of intersection of these 
two linear components. Moreover, the coincidence A = v entails that the first and last summands in the 
decomposition of type IV span a single eigenspace; in particular, Ef and i?f are each real null eigenvectors 
(with eigenvalue A). E" has homogeneus coordinates ([1,0], [1,0]); choosing affine coordinates y = Y/x and 
v = V/U, one obtains f(y,v) = (4Ay + ev)v and F(t) = (4Actt + er 2 )t 2 . One readily computes that E® is a 
node and that its tangents are given by t = and er + 4 Act = 0. The first is the line v = and the second 
the line ev + 4Xy = 0, which in homogeneous coordinates are V = and AXYU + eXY = 0, respectively, 
i.e., the tangents are determined by these two components of the Ricci locus. Similarly, one finds that E$ 
is a point of intersection of the linear component X — and the quadratic component. Thus, the three 
components define, by their intersections, three nodes. 

Finally, the triple coincidence A = \i = v = yields $ ab = eE^E^, whence Ef, E% and E% are each null 
eigenvectors of zero. The Ricci locus is 

P$ = eV 2 X 2 , (6.20.13) 
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i.e., consists of a pair of double lines. Note that (E%, E% )k and (E%, -E^k are each totally null eigcnsubspaces 
when \ = ji = v. For Witt bases of O-type O^, their elements take the form a A o A and L A fi A , respectively, 
for arbitrary a A and j3 A , i.e., constitute the components V — and X = respectively. Each of these 
components is double, whence singular, reflecting that the corresponding points are null eigenvectors. 



6.21 Type V 

For each generic traceless, self-adjoint endomorphism of type V, there is a \l/-ON basis {U a , V a , X a , Y a } 
with respect to which <E> a {, has matrix representation (4.5.5) with A + 2a + v = 0, but \ ^ v. One readily 
computes 

$ ab = \U a U b - vY a Y h + \ ^— \ [X a X b - V a V b ] - b[2V {a X% (6.21.1) 



From (4.10), the isotropy subgroup intersects each component of 0(2,2) so it suffices to consider vp-ON 
bases of O-typc to describe the distinct $°b. Hence, 

/3A + iA. . /A + 3iA, 

^ABA'B' = I 1 I (OAOBOA'OB' + LA^B^A' ^B' ) - I ^ I (^ALBOA'OB' + OAOB^A'^B') 



A 



(OAI-B + I^AOb){oA'^B' + t-A'OB') (6.21.2) 

t i 

- ^ [(OAtB + I^AOb)(oA'OB' + LA'lB') - {OAOB + IAIb)(oA' LB' + LA'OB')] , 

whence the Ricci polynomial is 

P±(X, Y, U, V) = {^j^j (YV + XUf - (^^) (XV + YU) 2 + b [XY(V 2 + U 2 ) - {X 2 + Y 2 )UV] , 

(6.21.3) 

which is Ricci spinor type (2, 2). 

There no null eigenvectors, whence no singularities (the complex eigenvector w = V + iX, and its 

2 2 

conjugate, are null in C ' but not in C 2,2 ). 

With the coincidence A = v, however, the first and last summands in the type V decomposition span a 
single eigenspace, so U ± Y arc now real null eigenvectors. One computes 

^ ABA' B' = ^AB^A'B' ~ ^ [(o A l B + L A 0b)(oA'O B ' + lA'lB') - (oaOb + LA^B ) {pA* LB' + LA'0 B ')} , (6.21.4) 

and 

P$ = A [(YV + XUf - (XV + YU) 2 ] + b [XY(V 2 + U 2 ) - (X 2 + Y 2 )UV] 

= A [(YV - XU) 2 - (XV - YU) 2 ] + b(XV - YU)(VY - UX) (6.21.5) 

_ f X[k~ 1 (YV - XU) - (XV - YU)][k(YV - XU) + (XV - YU)}, when A ^ 0; 
\b(XV -YU)(VY -UX), when A = 0; 

k:=- b±V ^eK, A^O. (6.21.6) 
2 A 

Thus, the Ricci spinor type is (1, 1) (1, 1) (further factorization when A ^ requires k = ±1, which is 
equivalent to A = 0). One can take the null eigenvectors to be 

N+:=(o A + l a )(o a ' +l a ') N_:=(o A -l a )(o a ' -l a '). (6.21.7) 

Using (6.21.4), (6.13) yields, 

X = A a = -b = -p for N+ X = A a = b = -/3 for JV_, (6.21.8) 
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where 



whence, in each case 4% 2 — af3 = 4A 2 + b 2 > 0; each null eigenvector is a node with two real tangents. 

For an affine picture, as N + has homogeneous coordinates ([1, 1], [1, 1]), choose amne coordinates x = 
X/Y and u = U/V and consider lines given by x — 1 + at and u = 1+rt, i.e., that pass through (1, 1) o N + . 
One has 

f(x, u) = A [(1 — xu) 2 — (x — u) 2 ] + b(x — u)(l — xu) 

and 

F(t) = [AXar - b(a 2 - t 2 )} t 2 + gt [2A(ct + t) - b{a - r)] t 3 + Aa 2 r 2 t 4 , 

from which one readily computes that the nature of the double point is determined by solving 4Aor— b(a 2 — r 2 ) 
as a quadratic in cr/r, say, which gives 

a _ 2A ± 2V4A 2 + b 2 

T ~ b ' 

(cf. (6. 21. 6)), confirming that the double point is a node with real tangents. Moreover, one can confirm that 
these tangents do not make F"'(0) vanish. Taking afiine coordinates y — Y/X and v = V/U gives an affine 
picture of iV_ with coordinates (—1,-1) for which the affine picture of the locus near (—1,-1) takes the 
same form as that just given for N + , thus yielding the same result. 



6.22 Type VI 

For this type, there is a real null eigenvector of A; namely, v\ in the basis {vi,V2,Vz,Vi\ giving the JCF in 
(4.5). Hence, rather than using the form (4.5.7), consider the Witt basis 



Ex 



En :- 



V3 + Vj 



Ex 



ev 2 



V3 ~ Vi 

V2 ■ 



(6.22.1) 



with respect to which S a b has matrix representation 



(\ e 

a -6 

A 

VO b a 



(6.22.2) 



Hence, a generic, traceless, self-adjoint endomorphism of type VI has matrix representation, with respect 
to (6.22.1), 

'A e 

-A -b 

A 

,0 6 -A, 



(6.22.3) 



A 7^ 0, and one computes that 

$ at = eElE\ - b{E%E% - E%El) + 2X(E i 1 a E b 3 ) - E ( 2 a E 4 b )). 
For Witt bases of O-type O^, one computes 

^ ABA' B' = £0 A B A ,0 B , - b{i A L B A ,0 B , - A B L A ' L B t ) + \{0 A L B + L A B )(o A ,L B , + L A 'OB>), 

and the Ricci polynomial is 

Pz,(X, y, U, V) = eY 2 V 2 - b(X 2 V 2 - Y 2 U 2 ) + 4XXYUV. 

Hence, for Witt bases of the different O-types, the Ricci polynomial is 

' eY 2 V 2 - b(X 2 V 2 - Y 2 U 2 ) + AXXYUV, 0+; 
eX 2 U 2 - b(Y 2 U 2 - X 2 V 2 ) + 4XXYUV, Ol; 



eY 2 V 2 - b(Y 2 U 2 - X 2 V 2 ) + 4XXYUV, O"; 
I eX 2 U 2 - b(X 2 V 2 - Y 2 U 2 ) + AXXYUV, 0+ , 



(6.22.3) 
(6.22.4) 
(6.22.5) 

(6.22.6) 
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but only Witt bases of O-type and cither Olj_ or O+ are required to describe the distinct of type 
VI due to the isotropy subgroup determined in (4.10). The Ricci spinor type is (2, 2). 

The real null eigenvector is Ef. For bases of type O^, Ef = i a , and one computes from (6.13) that 

X = A a = b /3 = -b, (6.22.7) 

whence 

4x 2 - a/3 = AX 2 + b 2 > 0. (6.22.8) 

Hence, the null eigenvector is a node with real tangents. Explicitly, l a has homogeneous coordinates 
([1,0], [1,0]) so choose afhne coordinates y = Y/X and v = V/U. Then 

f{y, v) = ey 2 v 2 - b(v 2 - y 2 ) + AXyv, 

and 

F(t) = [4\ar - b(r 2 - a 2 )] t 2 + ea 2 T 2 t 4 . 
Thus, (0,0) is a double point, the tangents at which are given by 



a _ -2A ± 2V4A 2 + b 2 
~ ~ b 

i.e., (0,0) is indeed a node with real tangents. 



6.23 Type VII 

For each generic traceless, self-adjoint endomorphism of type VII, there is a Witt basis {E® , E%,E$, E%} 
with respect to which $ a h has matrix representation (4.5.8) with \i = —A ^ 0. One computes 

$ ab = tE a x E\ + uoE*E b 2 + 2\(E ( 1 a El ) - E { 2 a E^). (6.23.1) 

For Witt bases of type O^, 

®aba'b> = {eo A o B + ul a l b )o a >o b > + X(o A i B + l a o b )(o a >l b > + l a >o b >), (6.23.2) 
and the Ricci polynomial is 

P$ (X, Y, U, V) = [(eY 2 + ojX 2 )V - 2XUXY] V. (6.23.3) 

Hence, 

' [(eY 2 + luX 2 )V - 2XUXY] V, 0+; 
I [(eX 2 +uY 2 )U-2XVXY]U, CT; 
" I WV 2 + ojU 2 )Y - 2XUVX] Y, + , 
. [(eU 2 + ujV 2 )X - 2XUVY] X, 0+. 

The isotropy subgroup is discrete and distinct forms are parametrised by bases of type and 0+, say. 
Hence, the Ricci spinor types are (2, 1)(0, 1) and (1, 0)(1, 2). 

$ a f, has two null eigenvectors E® and E% . Restricting attention to bases of type Oj , the null eigenvectors 
take the form £ a , with eigenvalue A, and rh a , with eigenvalue —A. From (6.13), one computes 

X = X a = (3 = lo/2 

and 

X = -A a = P = e/2, 
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respectively. Hence, in both cases, 4% 2 — a/3 = AX 2 > 0, i.e., each null eigenvector determines a real node with 
real tangents. Explicitly, £ a has homogeneous coordinates ([1, 0], [1, 0]) so taking affinc coordinates y = Y/X 
and v = V/U yields f(y,v) = (ey 2 + uj)v 2 — 2Xyv. Hence, With (y,v) = (at,rt), (6.3) gives 

/(f) = {lot 2 - 2\oT)t 2 + ea 2 T 2 t 4 . 

The tangents are therefore given by r = and lot = 2Xa. The tangent r — is the component V = 0. 

Similarly, m a has homogeneous coordinates ([0, 1], [1, 0]) and taking affine coordinates x = X/Y and 
v = V/U yields f(x,v) = (e + ujx 2 )v 2 — 2Xxv. Hence, With (x,v) = (at,rt), (6.3) gives 

f{t) = (er 2 - 2\oT)t 2 + uoa 2 T 2 t 4 . 

Thus, one sees that the linear component V = of the Ricci locus is a common tangent of the two nodes. 
The coincidence A = \i forces A = \i = 0, whence the Ricci polynomial, for O^-type bases reduces to 

P$ = (eY 2 +ljX 2 )V 2 , 

which has spinor type (1, 0)(1, 0)(0, l) 2 when e = —oj and type (1, 0)(1, 0)(0, l) 2 when e = u>. The two null 
eigenvectors Ef and E% now have a common eigenvalue, whence (E^E^k is a totally null subspace of 
eigenvectors. For Witt bases of O-type O^, each null eigenvector is of the form a A o A , for arbitrary a A , i.e., 
they have homogeneous coordinates ([a, 6][1, 0]), i.e., constitute the component V = 0, which being double 
is singular. When e = —oj, the real Ricci locus is two 'parallel' S l! s on the torus S 1 x S 1 , to which the 
double component V — is 'orthogonal'. When e = oj, there is an analogous description of the Ricci locus fi. 
Technically, the points of intersection of the double component with the other two components are tacnodes, 
with a common tangent (V = 0), but the points of intersection are not Ef and E%. 



6.24 Type VIII 

For each generic traceless, self-adjoint endomorphism of type VIII, ther exists an basis 
{U a , V a , X a , Y a } with respect to which has matrix representation (4.5.11) with c = — a ^ 0. One 
computes that 

$ ab = a(U a U b - V a V b - X a X b + Y a Y b ) - 2bU (a X b) - 2dV (a Y b) . 
For *-ON bases of O-type O^, one obtains 

^ ABA' B' = a(o A lB + LAOb)(oA'^B' + LA'OB') - b(o A B OA'OB> - lAlBlA'lB') - d(l A lBOA'OB> 

for which the Ricci polynomial is 

P*(X, Y, U, V) = AaUVXY + b(X 2 U 2 - Y 2 V 2 ) + d(Y 2 U 2 - X 2 V 2 ). 

Hence, 

{AaUVXY + b(X 2 U 2 - Y 2 V 2 ) + d(Y 2 U 2 - X 2 V 2 ), 0+; 

AaUVXY + b(Y 2 V 2 - X 2 U 2 ) + d(X 2 V 2 - Y 2 U 2 ), OZ, 

AaUVXY + b(X 2 U 2 - Y 2 V 2 ) + d(X 2 V 2 - Y 2 U 2 ), 0+; 

AaUVXY + b(Y 2 V 2 - X 2 U 2 ) + d(Y 2 U 2 - X 2 V 2 ), 0+. 

From (4.10), the isotropy subgroup is discrete and intersects Ol(2, 2) so only bases of O-type and either 
Olj_ or 0+ are required to describe the distinct endomorphisms of type VIII. The Ricci spinor type is (2, 2). 

<f> a 6 has two pairs of complex conjugate eigenvalues (A, A) and A has eigenvalue U a + iX a and 

H has eigenavlue V a + iY a . These eigenvectors, and their conjugates, are null in C ' but nonnull in C 2 ' 2 . 
Hence, there are no singularities. 

The coincidence A = jj, forces c — d and a = c = 0. For *-ON bases of O-type O^, the Ricci polynomial 
reduces to 

P$ = b(X 2 + Y 2 )(U 2 - V 2 ) = b(X + iY)(X - iY){U - V)(U + V), (6.24.4) 



(6.24.1) 

- OaObI<A'I>D'), 

(6.24.2) 
(4.24.3) 
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i.e., type (1, 0)(1, 0)(0, 1)(0, 1), while for bases of O-type 0_|_, the Ricci polynomial reduces to 

P$ = b(X 2 - Y 2 )(U 2 + V 2 ) = b(X - Y)(X + Y)(U + iV)(U - iV), (6.24.5) 



i.e., type (1, 0)(1, 0)(0, 1)(0, 1). 

The eigenspace of A = /x is (U a + iX a , V a + iY a ) Cl which contains two linearly independent complex 
eigenvectors that are null in C 2 ' 2 , viz., 

JVi := (U a + iX a ) + i(V a + iY a ) = (U a - Y a ) + i(X a + V a ) 

(6.24.6) 

N 2 := (U a + iX a ) - i(V a + iY a ) = (U a + Y a ) + i(X a - V a ). 

Their complex conjugates are complex null eigenvectors of A = jl. From (6.13), one computes that for each 
complex null eigenvalue, a = (3 = 0, whence 4% 2 — a/3 — —4b 2 in each case and each is therefore a complex 
node (i.e., node onU\ lj). The four linear factors of P$ each define a line on fi; these four lines define four 
points of intersection between pairs of lines that are the four null eigenvectors, the pair of lines therefore 
providing the tangents at the node. For example, Ni has homogeneous coordinates ([1 + i, — 1 + i], [1, — 1]). 
With respect to *-ON bases of O-type O^, (6.24.4) gives P$ and Ni lies on the components given by 
X + iY = and U + V = 0, i.e., is the intersection point of these two components. For an affine picture, and 
noting that (—1 + +i) = i, first rewrite the homogeneous coordinates as ([1, i], [1, —1]), then take affine 
coordinates y — Y/X, v — V/U and consider lines (y = i + at, v = — 1 + rt) through the point determined 
by N\. One computes 

f(y,v) = b(4i<7Tt 2 + 2ot{o - ir)t 3 - cr 2 r 2 t 4 ), 

which shows that Ni indeed determines a complex node and that the tangents, t = and a — 0, each 
determine a component of the curve; in this affine picture, N\ is the intersection of v = — 1 and y = i. One 
similarly computes that in the same affine coordinates N 2 is the intersection of v = 1 and y = i. The other 
two complex nodes are the complex conjugates of these two. 

Finally, note that the coincidence A = p, is not a distinct case but merely a relabelling of the complex 
conjugate pair of eigenvalues {li,p). 



6.25 Type IX 

For a generic traceless, self-adjoint endomorphism $ a £, of type IX, there is a *-ON basis {U a , V a ,X a , Y a } 
with respect to which $ a f, has matrix representation (4.10.16), with A + /i + z/ + er = 0, but no coincedences 
of eigenvalues. One therefore computes that 

$ afc = XJjajjb + ^yayb _ vX a X b _ ^yayb _ (6.25.1) 

From (4.10), the isotropy subgroup intersects all four components of 0(2,2) so it suffices to consider ^-ON 
bases of O-type O^. For such, 

& ABA' B' = ^ — ^ — ^ (OAOBOA'OB' + lAlBtA'lB') + (^~^ ^ {lAlBOA'OB' + OaOb IA> l-B>) 

+ ( — 4— ) {oAbB + laob)(oa'LB' + LA'OB'), (6.25.2) 



2 

and the Ricci polynomial is 

P^X, Y, U, V) = {^Y^ ( y2y2 + x2lj2 ) + ^ X2y2 + Y2lj2 } + 2 ( A + ») UVXY i (6.25.3) 

which is of type (2,2), i.e., irreducible. There are no null eigenvectors, whence no singularities. 
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Each coincidence of two eigenvalues creates a two-dimensional cigcnspacc for that eigenvalue, isomorphic 
to R 2,0 , R ' 2 , or R 1 ' 1 . In the last case there are two, linearly independent real null eigenvectors; in the cases 
of definite signature, there are two, linearly independent, complex eigenvectors that are null in C 2 ' 2 . 

Consider first v = a. The trace-free condition is 

v = o = -(^-\ (6.25.4) 



2 

while the conditions for genericity in this case are to exclude any other coincidences: 

v = g ± AO 3A + /i i= 0) v = a £ A + 3^ ^ 0) A ^ /x. (6.25.5) 

Now, (6.25.2) becomes 

/3A + /A, . /A + 3jA. , 

<PABA>B< = I ^ I (OAObOA'OB' + LALBLA'LB' ) + I ^ I \IAIB0A'0B' + OAObLA'LB' ) 

A — fi 
4 

and Ricci polynomial is now 



(oalb + laob)(oa'Lb' + la'Ob'), (6.25.6) 



3A + /l\^o 2 v 2tt2\ i ( ^ + ^AM / v 2x^2 , v-2 rr 2N 



P$ = (^^X^J ( Y v + xu ) + [~4^J ( XV + y ^ ) + (A ~ ti)UVXY. (6.25.7) 
Defining 

:= ^ := *±^, (6.25.8) 

then (6.25.6) can be written 

P* = M X ^(Y 2 V 2 + X 2 U 2 ) + N X ,»{X 2 V 2 + Y 2 U 2 ) + 2(M A , M - N X ,„)UVXY, (6.25.9) 
and the conditions in (6.25.5) are 

M A ,^0 M X 0±N Xili . (6.25.10) 
Dropping the subscripts on and N\^, and with 

,(«):= ^ (6.25.11) 

one finds that P$ factorizes as follows: 



8{M){y/\M\ux ± tv/|iV|£/y t ivlJVivx + v /|M|yy)( v /|M|[/A: t ivl^l^ ± *v|JV|vx + v/|M|yy), 

(6.25.12) 

when s(M) = s(N); 



s{M)(y/\M\XU ± V|AT|[/y =f V + V l M l^ y )(V |M|f7X t V\n\uy ± v|./v|vx + v/|M|yy) 

(6.25.13) 

when s(M) = —s(N). I note that in (6.25.13) the two factors are not equal. Hence, the Ricci spinor type is 
(1, 1)(1, 1) and (1, 1)(1, 1), respectively. Bearing in mind (6.25.10), in (M, 7V)-space, type (1, 1)(1, 1) occurs 
in the open first and third quadrants minus the line M — N; which is four connected components. Type 
(1, 1)(1, 1) occurs in the open second and fourth quadrants. Hence, there are six connected components for 
this case, as noted in (4.10). These conditions are easily translated into (A,^i)-space if desired; the topology 
is unchanged, of course, only the shapes of the components change. 
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The coincidence A = /i has a similar description. The tracefree condition is 

A = <" = -(^)' (6 - 25 ' 14) 

and the conditions of genericity are 

3i/ + (7^0 v + 'Aa^O v±a. (6.25.15) 

The Ricci spinor becomes 

(2,v + <j\ ( v + 3(7 \ 

Q ABA' B' = - I ^ I \0 A B OA>OB> + tAlBlA'lB') ~ I ^ I {^A^BOA'OB' + A B L A 'L B >) 



+ y 4 J (OAiB + tA0B)(0A'tB' + tA'OB')) (6.25.16) 

and the Ricci polynomial 

P$ = -M V ^{Y 2 V 2 + X 2 U 2 ) - N„. a {X 2 V 2 + Y 2 U 2 ) + 2{M v<a - N^ a )UVXY. (6.25.17) 
With the same notation as above, P$ factorizes as follows: 



-a(M)(y/\M\UX±iy/\N\UY± iy/\N\VX - y/\M\VY)(y/\M\UX t W\N\UY t W\N\VX - ^\M\VY), 

(6.25.18) 

when s(M) = s(N); 



-s{M){yj\M\xu ± y/\N\UY ± vl^l^ - v|M|yy)(v|M|t/x t v |iv|c/y =f v I-Nivx - v|M|yy) 

(6.25.19) 

when s(M) = —s(N). The same comments apply as in the coincidence v = a. 

For the coincidence X — a, the null eigenvectors are real. The tracefree condition is 

\ = a = -(^), (6.25.20) 



and the conditions of genericity are 

■ifi + u^O n + 3v^0 fi^is. (6.25.21) 

The Ricci spinor becomes 

[2,v + ^\ fv + 3/j,\. 

Q ABA' B' = - I ^ I (OAOBOA'OB' + LAlBlA'lB') + I ^ 1 \L A LbOA'OB' + OaO B 1>A> l-B> ) 

+ ( j 4 fi ^j {o a ib + iaOb)(oa>i>b< + l-a>ob>), (6.25.22) 

and the Ricci polynomial 

P$ - -M Vili (Y 2 V 2 + X 2 U 2 ) + N V ^{X 2 V 2 + Y 2 U 2 ) + 2(M„,„ - N^)UVXY. (6.25.23) 
The factorization of this Pj> is as follows: 



-s{M)(y/\M\UX ± iVl-^l^ T iVl-^l^ - V l M l^)(V |M|f7X t i\/|JV|t7y ± iy/\N\VX - y/\M\VY), 

(6.25.24) 
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when s(M) = -s(N); 

-s(M)( v r \M\XU ± y/\N\UY T y/\N\VX - \/W\ VY ){VW\ u x T VWl^ ± - VWl^) 

(6.25.25) 

when s(M) = s(N). The same comments apply as in the coincidence v = a. 

For the coincidence fi = v the null eigenvectors are real. The trace-free condition is 

v = li = -(*-tZ) (6.25.26) 



while the conditions for genericity are: 

3A + cr^0 A + 3<r^0 A^ct. (6.25.27) 

The Ricci spinor is 

/3A + «A, . /A + 3cr\. 

®ABA>B' = I 1 I (OaObOA'Ob' + lAlBlA'LB') ~ I ^ I {^A^BOA'OB' + OaOb^A'^B') 

+ ( A , °" ) (oa^b + iaOb){oa>ib> + <<A'Ob'), (6.25.28) 



4 

and Ricci polynomial is 

= M A>ff (y 2 y 2 + X 2 U 2 ) - N Ka (X 2 V 2 + Y 2 U 2 ) + 2(M A , ff - N x , a )UVXY. (6.25.29) 
P$ factorizes as follows: 



s{M)(^\M\UX ± ± iVl^lVAC + N /|M|VY)(V|M|17.X' t iV|JV|J/y T iy/\N\VX + y/\M\VY), 

(6.25.30) 

when s{M) = -s(N); 

s(M)(y/\M\xu ± vT/v|[/y ± vT^T^ + vW|v r y)(\/|M|[/A: t VW\uy t VW\ vx + \/\m\ vy ) 

(6.25.31) 

when s(M) = s(N). The same comments apply as in the coincidence v = a. 

For the coincidence A = u, the null eigenvectors are real but have a simpler spinor description than 
in the previous cases, resulting in a simpler description of the Ricci spinor and polynomial. The tracefree 
condition is 

A = v = - (J^j , (6.25.32) 

while the conditions for genericity are 

3/i + cr^0 ^ + 3cr^0 li + o. (6.25.33) 

The Ricci spinor is 

®aba<b> = (^~Y~^j ( l a l boa>o b > + o A o B iA'tB') - ^ - ^ - ^ {o a i>b + laob)(oa> lb' + lA'0 B >), (6.25.34) 
and the Ricci polynomial is 



P * = ( (X 2 V 2 + Y 2 U 2 ) -2(fi + a)UVXY. (6.25.35) 



59 



Putting 

let r denote any root of the real quadratic 
The discriminant of this quadratic is 



[i — a 



x 2 + 4kx + 1 = 0. 



2 _ 3^ 2 + IO^t + 3cr 2 _ (3^ + cQ(M + 3cr) 



Hence, 4fc 2 — 1 = is excluded by (6.25.33). P$ factorizess as follows: 

'/j — a 



[rUY + VX] 



UY 

+ VX 

r 



when 4fc 2 — 1 > (whence r is real), i.e., when (3fi + cr)(fi + 3a) > 0; 



/i — a 



[rUY + VX][fUY + VX], 



(6.25.36) 



(6.25.37) 



(6.25.38) 



(6.25.39) 



(6.25.40) 



when 4fe 2 — 1 < (whence r is complex), i.e., when (3/i + cr)( / u + 3cr) < 0. These forms are type (1, 1)(1, 1) 
and (1, 1)(1, 1), respectively, and the first cannot reduce to (1, l) 2 under the present assumptions. 
Finally, The coincidence fi = a is similar to the previous case. The tracefree condition is 

M = ° = - (^) , (6-25.41) 

while the conditions for genericity are 

3A + z/^0 A + 3z/^0 \±v. (6.25.42) 

The Ricci spinor is 



\ — v 



{o A B A 'OB' + lAlBlA'lB') + ( ^ % ~ ) (OA^-B + ^Ofi) (OA' (-B' + M'OB')> (6.25.43) 



and the Ricci polynomial is 



P$ = 



With 



{Y 2 V 2 + X 2 U 2 ) + 2(A + v)UVXY. 



fc := e R, 

A — f 



let r denote any root of the real quadratic 



The discriminant of this quadratic is 



x 2 - Akx + 1 = 0. 



2 3A 2 + 10A^ + 3z/ 2 _ (3A + z/)(A + 3i/) 

~ (A -i/) 2 ~ (A - vf - 



(6.25.44) 



(6.25.45) 



(6.25.46) 



(6.25.47) 
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Hence, 4fc 2 — 1 = is excluded by (6.25.42). P$ factorizess as follows: 



r 



(6.25.48) 



when 4/c 2 — 1 > (whence r is real), i.e., when (3A + v)(X + 3v) > 0; 

'A- v 



[rUX + VY] [fUX + VY] , (6.25.49) 

when 4fc 2 — 1 < (whence r is complex), i.e., when (3A + v)(X + 3v) < 0. These forms are type (1, 1)(1, 1) 
and (1, 1)(1, 1), respectively, and the first cannot reduce to (1, l) 2 under the present assumptions. 

The computations of (6.13) for each of these six coincidences may be described as follows. In each case, 
there are four real numbers a, 6, c, and d satisfying a + b + c + d = 0, with c — d, say. Hence, 

c = d = - 



That there are no further equalities amongst a, 6, c and d is equivalent to 

3a + b^0 a + 36 ^ a ^ b. 

These facts are familiar from the preceding dicsussion. In each case, the two null eigenvectors have c = d as 
eigenvalue, so 

fa + b s 

X=c=d= - 



2 

From (6.13), in each case and for each null eigenvector one finds 

a j_ ( a ~ b 

a = p = ± 

whence 

4 X 2 - a = 3a2 + 1 °; b + 3b2 = (3° + ftK° + 3Q (6 . 25 50) 

Hence, in each case there is a pair of nodes, these nodes being the points of intersection of the two components 
of the Ricci locus. When the null eigenvectors are real (four cases), one can restrict attention to the real 
Rlcci locus to, in which case both nodes have real tangents iff (3a + b)(a + 36) > (and the Ricci spinor 
type is (1, 1)(1, 1)), while both are isolated points of oj iff (3a + 6)(a + 3b) < (and the Ricci spinor type 
is (1, 1)(1, 1)). In two cases, the nodes are both comp lex points, i.e., lie on \ u; in these two cases, 
(3a + 6)(a + 36) > is the condition for type (1, 1)(1, 1) while (3a + 6)(a + 36) < is the condition for type 

(MXM)- 

These six cases are not actually all distinct at a certain geometrical level, e.g., the cases A = v and A = a 
are not distinct as regards the geometrical content presented above and may be converted into each other by 
relabelling. They do have distinct descriptions, however, reflecting the differences in the spinor descriptions 
of the two cases, resulting from the differing relationships between Vt-ON bases of different O-types and null 
tetrads, which may be relevant in circmstances in which one does distinguish between X a and Y a and/or 
U a and V a . 

The affine picture in these cases adds little. To give but one example, when v = a, X a + iY a is a 
complex null eigenvector, with coordinates ([1,«], [1,«])- Taking affine coordinates y = Y/X and v = V/U, 
and considering lines (y = i + at, v = i + rt) through the point (i, i) yields in place of (6.3) 

F(t) = \U~ A)(a 2 + r 2 ) - 4(A + ^ar]t 2 + (^^) M*r 2 + a 2 r)t 3 + a 2 r 2 t% 
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The discriminant of the quadratic coefficient of t 2 is indeed 3A 2 + lOXfi + 3[i 2 and the roots do not make the 
coefficient of t 3 vanish. 

Turning now to pairs of coincidences, when A = /i ^ v — a, whence the traccfrcc condition imposes 
A + v = 0, 

& ABA' B' = MOAOB + tALB){0A'0 B > + LA'lB'), (6.25.51) 

and 

P$ = X{X + iY)(X - iY){U + iV)(U - iV), (6.25.52) 

i.e., type (1, 0)(1, 0)(0, 1)(0, 1). The Ricci locus has reduced to four distinct complex projective lines on 
CP 1 x CP 1 that define four points of intersection, namely the four complex null eigenvectors of the separate 
cases of A = /i and v = a from above; namely, U a ± iV a and X a ± iY a , respectively. These four points are 
therefore complex nodes. 

For A = a ^ /i = y, the tracefree condition imposes A + v = 0, and 

^aba'B' = K°aob - ^a^b){oa'0 B ' - la'Lb>), (6.25.53) 

whence 

P« = X(X - Y)(X + Y)(U- V)(U + V), (6.25.54) 

i.e., type (1, 0)(1, 0)(0, 1)(0, 1). The Ricci locus has reduced to four distinct projective lines. In this case, 
one can restrict to the real Ricci lcous ui in RP 1 x RP 1 . It consists of four distinct real projective lines, 
i.e., S^s, on S 1 x S 1 that define four points of intersection, namely the four real null eigenvectors from the 
separate cases A = a and /i = v above. These null eigenvectors are thus real nodes. 

The case A = v ^ fi = a is geometrically equivalent to the previous case at a certain level. One finds 

^ aba 1 b 1 = Ho a l a + l a o b ){o ai l B ' + la'Ob'), (6.25.55) 

with 

P$ = AXUVXY. (6.25.56) 

Hence, the real Ricci locus is four projective lines that define four points of intersection, the null eigenvectors 
of the separate cases X — v and [i — a above, which are real nodes. 

I note that in each case, from (6.13) one computes that a = = 0, whence 4% 2 — a/3 = 4(±A) 2 > 0, in 
accord with the preceding geometric descriptions. 

Now consider triple coincidences of eigenvalues. For A = /i = v ^ er, 

ABA' B' = 2X(l a l a o a >o B ' + o A o B i A 'iB') + Mo a l b + l a o b )(o a >l b , + l A '0 B >), (6.25.57) 

and 

P$ = 2X(XV + YUf. (6.25.58) 

Hence, the type is (1, l) 2 . The three-dimensional real eigenspace is (U a , V a , X a )n = R 2,1 . The null cone 
within this eigenspace provides an S 1 of null eigenvectors that is precisley the projective line XV + YU = 
on RP 1 x RP 1 , i.e., the real Ricci locus to is the double line of these null eigenvectors. 
The case A = /i = a ^ v is geometrically similar to the previous case. Here 

^ABA'B' = 2X(oAOBOA'OB' + iAiB^A'^B') - X(o A L B + i A B )(o A ' i B > + L A '0 B >), (6.25.59) 

with 

P$ = 2X(YV - UXf. (6.25.60) 

The real projective line YV — UX = describes the set of generators of the null cone of (U a , V a , Y a )-fi = R 2 ' 1 . 
The case A = v = a ^ [i yields 

<E> ABA'B' = -2X(i a l a o a ,o b , + o A o B i A ' iB' ) + X{o A b B + L A o B ){o A a B > + la'Ob'), (6.25.61) 
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with 

P$ = -2\(XV -YU) 2 . (6.25.62) 

The real projective line XV— YU = describes the set of generators of the null cone in (U a ,X a , F a )R = R 1 2 . 
The case fi = v = a ^ A yields 

ABA' B' = -2v(o A B OA'OB' + LAl<BtA>l<B') - v{o A i B + iaOb){oa'I>b> + t,A>o B >), (6.25.63) 

with 

= -2v{YV + XUf. (6.25.64) 

The real projective line YV+XU = describes the set of generators of the null cone of (V a ,X a , Y a ) R = R 1,2 . 

Finally, the coincidence A = /j, = v = a together with the tracefree condition imposes \ = fi = v = <r = 0, 
whence <&abA'B' = 0. 

Table Two, beginning on the next page, summarizes the results of the paper. Recall that the topological 
structure of each subtype consists of orbits, with a fixed topological structure, trivially fibred over open 
domains in some R w , the latter providing the domain of values for the free parameters in the matrix form 
M characterizing the subtype. In the following table, df = m + n, where n is the dimension of the orbit 
and m the dimension of the space over which the orbits are fibred (i.e., the number of free parameters in 
M); # cc's is the number of connected components of the subtype, given as p x q where q is the number of 
components of an orbit and p that of the space over which the orbits are fibred. 
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Table 2 



Type 


JCF/coincidence of eigenvalues 
Segre; genericity under tracelessness 


Traceless 
condition 


df 


spinor 
type 


# 

cc s 


singularity 
structure 


I 


(r4,j 4 (a)) 

[4] 


A=0 


0+6 


(2,1)(0,1) 
(1,0)(1,2) 


1x2 
1x2 


tacnode at real 
null eigenvector 1 


II 


(nt b> K 2 (a,b)) 
6^0; [22] 


a=0 


1+6 


(2,1)(0,1) 
(1,0)(1,2) 


2x2 
2x2 


pair of complex nodes 
with common tangent 2 


Ilia 


(r 1 ' ,Ji(A))©(r 1 ' 2 ,J 3 (m)) 
[13]; A^O 


A+3ai=0 


1+6 


(2,2) 


2x2 


cusp at real 
null eigenvector 3 


Ilia 


[(13)] 


A=^i=0 


0+5 


(1,0)(1,1)(0,1) 


1x2 


triple point at real 
null eigenvector 4 


Illb 


(r 2 ' 1 ,J 3 (A))q(r 1 -°,J 1 ( m )) 
[31]; ^0 


3A+/i=0 


1+6 


(2,2) 


2x2 


cusp at real 
null eigenvector 3 


Illb 


A=/i=0 
[(31)] 




0+5 


(1,0)(1,1)(0,1) 


1x2 


triple point at real 
null eigenvector 4 


IV 


(R 1 ' > J 1 (A))©(R 2 b ,J ±2 ( M ))©(R°' 1 ,J 1 M) 
[121]: 3A+i^0; \+3v^Q; 


A+iy=-2/j 


2+6 


(2,2) 


6x1 


node at 
real null eigenvector 5 


IV 


[1(21)]: 3A+1//0: 


A+3j/=0 


1+5 


(1,1)(1,1) 
(1,1)(1,1) 


2x1 
2x1 


tacnode at 
real null eigenvector 6 


IV 


X—fi 

[(12)1]: A+3i^0; 


3A+i>=0 


1+5 


(MHM) 
(1,1)(1,1) 


2x1 
2x1 


tacnode at 
real null eigenvector 7 


IV 


\=v 

[(1|2|1)]; A+3^0; 3A+i^0; i.e., A^O 


A+/i=0 


1+5 


(1,0)(1,1)(0,1) 


2x1 


three real nodes 
with real tangents 8 


IV 


X—fi—v 

[(121)] 


\ — ^L—U — 


0+3 


(1,0) 2 (0,1) 2 


lxl 


Ricci locus is a 
pair of double lines 9 


V 


(R 1 ' , Ji (A)) ©(R 1 ' 1 ,K 1 (a,6))©(R - 1 , ^(i/)) 
h#0: [1111]; 


A+i/=-2a 


3+6 


(2,2) 


4x1 


no singularities 10 


V 


\=v 
MO: [(1|11|1)] 


A— ^— — a 


2+5 


(1,1)(1,1) 


2x1 


two real nodes 
with real tangents 11 


VI 


(Rg b ,J ±2 (A))©(R 1 - 1 ,K 1 (a,6)) 
6^0; [211] 


A+a=0 


2+6 


(2,2) 


2x2 


a real node 
with real tangents 12 


VII 


(Rf lb „7 ±2 (A))©(R 2 b ,J ±2 ( A1 )) 
[22]; A^O; ^#0 


A+^i=0 


1+6 


(2,1)(0,1) 
(1,0)(1,2) 


2x1 
2x1 


two real nodes with 
common tangent 13 


VII 


A— 

[(22)] 


A=^i=0 


0+4 


(1,0)(1,0)(0,1) 2 
(1,0)(1,0)(0,1) 2 
(1,0) 2 (0,1)(0,1) 
(1,0) 2 (0,1)(0,1) 


lxl 
lxl 
lxl 
lxl 


double line 
intersecting 
two other 
components 14 


VIII 


(R 1,1 ,ii"i(a,fe))©(R 1 ' 1 ,i : fi(c,(i)) 
b^O; d^O; [1111]; -c=a^0 


a+c=0 


3+6 


(2,2) 


8x2 


no singularities 15 


VIII 


a+ib— c+id 
b=d^0; [(1111)] 


a— c— 


1+4 


(i,o)(To)(oa)(o,i) 

(l,0)(l,0)(0,l)(0O) 


2x1 
2x1 


4 complex 
nodes 16 
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Table 2 Continued 



Type 


JCF/coincidence of eigenvalues 
Segre; genericity under tracelessness 


Traceless 
condition 


df 


spinor 
type 


# 

cc's 


singularity 
structure 


IX 


(r 1 ' ,.7i(A))q(r 1 ' ,J 1 ( a1 ))q(r ' 1 ,J 1 ( ! .))q(r°' 1 ,J 1 (<t)) 
[1111] no two eigenvalues equal 


A+/j+j/+ct=0 


3+6 


(2,2) 


24x1 


no singularities 17 


IX 


v—cr 

[11(11)]; 3A+^0; A+3m#0; A^m 


A+/j+iy+(T=0 


2+5 


(1,1)(1,1) 
(1,1)(1,1) 


4x1 
2x1 


two complex 
nodes 18 


IX 


A— [i 

[(11)11]; 3i/+<J#0; j/+3<x#0; v^a 


A+/j+iy+tT=0 


2+5 


(1,1)(1,1) 
(1,1)(1,1) 


4x1 
2x1 


two complex 
nodes 19 


IX 


[(1|11|1)]; 3^+y#0; M+3!>#0; 


A+/j+iy+tT=0 


2+5 


(1,1)(1,1) 
(1,1)(1,1) 


2x1 
4x1 


two real 

nodes 19 


IX 


^l — V 

[1(11)1]; 3A+cr^0; A+3tx#0; A^cr 


A+/j+jy+o-=0 


2+5 


(1,1)(1,1) 
(1,1)(1,1) 


2x1 
4x1 


two real 
nodes 19 


IX 


A=y 

[(1 1 1| 1)1] : 3^+CT#0; ^+3<x#0; 


A+/j+iy+er=0 


2+5 


(1,1)(1,1) 
(M)(M) 


2x1 
4x1 


two real 

nodes 19 


IX 


il— (7 

[1(1|1|1)] ; 3A+i^0; A+3;/#0; 


A+/j+iy+cr=0 


2+5 


(1,1)(1,1) 
(1,1)(1,1) 


2x1 
4x1 


two real 
nodes 19 


IX 


\ — l_L^U — (7 

[(n)(ii)]; 


A+/j+iy+tT=0 


1+4 


(1,0) (1^0) 
(0,1)(0,1) 


2x1 


four complex 
nodes 


IX 


[(i|(i|i)|i)l; 


A+/j+iy+cr=0 


1+4 


(1,0)(1,0) 
(0,1)(0,1) 


2x1 


four real 
nodes 21 


IX 


X—a^fi—u 
[Cl|(ll)|l)]; 


A+/j+jy+(T=0 


1+4 


(1,0)(1,0) 
(0,1)(0,1) 


2x1 


four real 
nodes 21 


IX 


exactly three coincident eigenvalues 
[(111)1)]; [(1|1|11)]; [(11|1|1)]; [1(111)1 


A+^+iy+cr=0 


1+3 


(M) 2 


2x1 


double projective 
line 22 


IX 


all 4 eigenvalues coincide 


A— /^— z^— cr— 


0+0 


{-} 


lxl 


KP'xKP 123 



[(1111)] 



1 The linear factor in the Ricci polynomial defines a linear component in the Ricci locus, which is the tangent 
to the other component of the Ricci locus at the real null eigenvector and thus has infinite-order of contact 
with the locus, thus making the real null eigenvector a tacnode. 

2 There is a complex conjugate pair of null eigenvectors, each of which is a node; the linear factor in the 
Ricci polynomial defines a linear component of the Ricci locus, which is a common tangent to the two nodes. 
Its intersection with the other component yields the two nodes. 

3 The real Ricci locus is a simple closed curve on the torus with a cusp. 

4 The three components of the Ricci locus intersect at the null eigenvector to create the triple point. 

5 The real null eigenvector (of eigenvalue /x) is a node with real tangents iff (3A + v) (A + 3f ) > and a node 
with complex tangents (i.e., an isolated point of the real Ricci locus) iff (3A + i/)(A + 3f ). (3A+^)(A + 3z/) = 
iff /j, = A or = v, and thus does not occur in the generic scenario of type IV. The real Ricci locus is a closed 
curve on the torus with this single self-intersection. 

6 Ricci spinor type is (1, 1)(1, 1)/(1, 1)1, 1) according as e = ±1, where £2,2(^2, "3) = e and {v 2l v 3 } gives the 
JCF for restricted to the middle summand of the decomposition for type IV. The null eigenvector is a 
point of intersection of the two components of the Ricci locus. 

7 Ricci spinor type is (1, 1)1, 1)/(1, 1)(1, 1)/ according as e = ±1, where 52,2(^2,^3) = e and {«2,W3} gives 
the JCF for $ a f, restricted to the middle summand of the decomposition for type IV. The null eigenvector 
is a point of intersection of the two components of the Ricci locus. 
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8 The real null eigenvector of /i is the intersection of the two linear components of the Ricci locus; the two 
real null eigenvectors of A = v are each an intersection of a linear component and the quadratic component 
of the Ricci locus. 

9 The two distinct linear components of the Ricci locus intersect in a point corresponding to the real null 
eigenvector E of the generic case of no coincident eigenvalues, and each component consists of further real 
null eigenvectors (each component is double, thus singular) determining a totally null eigensubspace, these 
two spaces intersecting in E. 

10 No null eigenvectors 

11 The two nodes are precisely the intersections of the two quadratic factors of the Ricci locus; they are the 
two null eigendirections of A — v. 

12 The node is at the null eigendirection of A. The real Ricci locus is a closed curve on the torus with this 
single self-intersection. 

13 The two nodes are the intersections of the linear component of the Ricci locus with the other component, 
and are real with real tangents; the linear component of the Ricci locus is in fact a common tangent to the 
two nodes. 

14 In the decomposition for this type, let {^1,^2} be the basis for the first summand giving the JCF on 
that summand and such that {vi,eV2} is a Witt basis for that summand, and let {^3,^4} be the basis for 
the second summand giving the JCF on that summand and such that {v 3 ,uw4} is a Witt basis for that 
summand. Then, for those $ a {, that take the type's matrix form with respect to Witt bases of O-type 
SO, the Ricci spinor type is (1, 0)(1, 0)(0, l) 2 if e = -u> and is of type (1, 0)(1,0)(0, l) 2 if e = u; for those 
<J> a 6 that take the type's matrix form with respect t o Wit t bases of O-type ASO, the Ricci spinor type is 
(1,0) 2 (0, 1)(0, 1) if e = —uj and is of type (1,0) 2 (0, 1)(0, 1) if e = to. The double component corresponds to 
the totally null eigensubspace spanned by the two real null eigenvectors v\ and v 3 (with common eigenvalue 
zero) and intersects the other two components of the Ricci locus; these other two components may be taken 
to be real when e = — lo but are complex when e = uj. Technically, these points of intersection are tacnodes 
with a common tangent; they are not the points v\ and 113. 

15 No null eigenvectors 

16 The Ricci polynomial consists of four linear factors, each of which defines a nonsingular component of the 
Ricci locus. These four components define four points of intersection, which are complex nodes (i.e., lie on 
fi\w), with the two components that intersect at a node providing the tangents at that node. Note that the 
coincidence A = p, is not a distinct case but just a relabelling of the pair of complex conjugate eigenvalues 
(H,p,). 

17 No null eigenvectors. 

18 The two nodes are the points of intersection of the two components of the Ricci locus. Let a and 6 
denote the two eigenvalues not involved in the coincidence. For both null eigenvectors, the discriminant 
defining the character of the null eigenvector as a double point is 3a 2 + 10a6 + 3b 2 = ( 3a + b) (a + 36); 
moreover, when 3a 2 + lOab + 3b 2 = (3a + b)(a + 36) > 0, the Ricci spinor type is (1, 1)(1, 1) and when 
3a 2 + 10a6 + 36 2 = (3a + 6)(a + 36) < the Ricci spinor type is (1, 1)(1, 1). 

19 The two nodes are the points of intersection of the two components of the Ricci locus. Let a and 6 be as 
in footnote 17. The nodes are real, they both have real tangents iff 3a 2 + 10a6 + 36 2 = (3a + 6) (a + 36) > 
and this is the case of Ricci spinor type (1, 1)(1, 1). When 3a 2 + 10a6 + 36 2 = (3a + 6)(a + 36) < 0, the 
tangents are complex, i.e., the nodes are isolated points of the real Ricci locus, and the Ricci spinor type is 

(M)(M). 

20 The Ricci locus f2 is four distinct complex projective lines that have four points of intersection. These 
four complex nodes are the four complex null eigenvectors; the Ricci spinor type is (1, 0)(1, 0)(0, 1)(0, 1). 

21 In these two cases, geometrically equivalent at a certain level, it suffices to consider the real Ricci locus, 
which consists of four distinct real projective lines that have four points of intersection. These four real 
nodes are the four real null eigenvectors; the spinor Ricci type is (1, 0)(1, )(0, 1)(0, 1). 

22 In each case, the coincident eigenvalues have (real) eigenspace isomorphic to R 21: or R 1,2 ; the generators 
of the null cone in the relevant eigenspace form a real projective line; the real Ricci locus is the square of 
this line. 

23 The zero Ricci spinor is the only case. 
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